
¢¤�¡üõ ��ó ¤��þ¢ ¤��î �î ü÷��¢Â÷ :×�÷�Øõ ¤¢ ý��ÜÿÆõýÀÞ½õ�ì� Â�õ�í�ØÎ¬� ß µêÂð ÂÑ÷ ¤¢ �� ø ö øÀ� ¢¤�¡üõ ��ó ¤��þ¢ ¤��î �î ü÷��¢Â÷ ý �ÜÿÆõ -ùÀ�Ø�.´¨� ùÀª ü¨¤Â�¢¤�À÷�µ¨� Û ��Æõ ¥� �ÜÿÆõ ßþ� .Ý��î ü¨¤Â� �¤ ¤��þ¢ ×þ ¤��î ü÷��¢Â÷ ́ îÂ� Ý�û��¡üõ?¢�ªüõ �À� ¤��þ¢ ¥� ö��¢Â÷ ý��þø�¥ �� ý �¥� �� �î ¢�ªüõ ñ��ÿ¨ �f �Þãõ .´¨� ×�÷�Øõñ��ÿ¨ À�� �� ø Ý��î ü¨¤Â� ýÂ�Ç�� ́ ì¢ �� �¤ �ÜÿÆõ ß�Þû Ý�û��¡üõ ��ßþ� ¤¢ �õ¼Î¨ ¥� ÝÆ� ö Àª �À� ©�ü�ãõ ¢�ª ÂÔ¬ ¼Î¨ ý ý¢�Þä ý øÂ�÷ ù�ðÂû �þ� .Ý�û¢ ¾¨��?¢�ªüõ �� ö� ¥� Å� ,¢�ªüõ �À� ¤��þ¢ ¥� ö��¢Â÷ Ý��î Âê Âð� ßþ� Â� ùø�ä ?´¨�üÞî Ý�û��¿� �¤ �ÜÿÆõ Âð� ?¢�ª À�Ü� ß�õ¥ ¥� Ýû ö��¢Â÷ ÂÚþ¢ Â¨ �î ¢¤�¢ ¢��ø ü÷�õ¥ �þ��� ö��¢Â÷ í �ØÎ¬� ° þÂ® Âð� .ÝþÂ�Ú� ÂÑ÷ ¤¢ Ýû �¤ í�ØÎ¬� ´¨� �¥� Ý��î Â�üãì�ø?¢�ªüõ �À� ¤��þ¢ ¥� ö��¢Â÷ ý��þø�¥ �� ¤¢ Àª�±÷ ÂÔ¬ ß�õ¥� � ¤�� þ¢ ¥� öÀ ª �À � ¥� Û ± ì ö� �¢Â ÷ ´ îÂ � ü ¨¤Â � 1í�ØÎ¬� ¥� üª��ÝÈ��Ú÷ ´��� ø ù¢�¢ ��Ø� ý¤��þ¢ �� ´¨� θ0 Õê� �� ©��þø�¥ �î 2ℓ ñ �Ï ø m �Â� �� ü÷��¢Â÷.Ý��îüõ üª��ÝÈ� ¤��þ¢ ø ß�õ¥ �� ö��¢Â÷ ß �� í �ØÎ¬� ¥� üð¢�¨ ý �Â� �Àµ�� ¤¢ .Ýþ��µª�¢¢¤�¢ ��Ø� ý �ÎÖ÷ ø¢ �î ý��Ü�õ ¢¤�¢ ��Ø� ý �ÎÖ÷ ¤�ú� �î ö��¢Â÷ ý �� �� ý¥�¨ù¢�¨ ý �Â�.ÝþÂ�ðüõ ñÀõ ö ���ä �� �¤
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,θ °Æ� Â� ö��¢Â÷ � Â� �îÂõ � �µª ø ´äÂ¨ ,ö�Øõ .¢¤�¿� ��ó �� Ý��îüõ �û¤ �¤ ö��¢Â÷¥� À÷��¤�±ä ö� ý ü÷�õ¥ � �ÖµÈõ ø ,¢¥�¨üõ ß�õ¥ �� ö��¢Â÷ �î ý��þø�¥
rC = iℓ cos θ + jℓ sin θ,

ṙC = −iℓθ̇ sin θ + j ℓθ̇ cos θ,

r̈C = −iℓ(θ̈ sin θ + θ̇2 cos θ) + j ℓ(θ̈ cos θ − θ̇2 sin θ). (1).ÝþÂ�ðüõ NA ø ,NB �¤ À÷�ªüõ ¢¤�ø ö��¢Â÷ �� ß�õ¥ Ó î ø ¤��þ¢ é ÂÏ ¥� �î üþ�ûøÂ�÷¥� ´¨� �¤�±ä ö��¢Â÷ ý �Â� ß���÷ ö �÷�ì
NB = −mℓ(θ̈ sin θ + θ̇2 cos θ),

NA − mg = mℓ(θ̈ cos θ − θ̇2 sin θ). (2)¥� ´¨� �¤�±ä �Â� �îÂõ ñ �� �û¤ø�µÈð ý�Â� ü÷�¤ø¢ × �õ��þ¢ ý �ó¢�ãõ
NBℓ sin θ − NAℓ cos θ = Icmθ̈. (3)¢�ªüõ �¹�µ÷ Â�¡� ý �ó¢�ãõ �¨ Û � ¥�

θ̈ = − mgℓ cos θ

Icm + mℓ2
. (4)ø À÷�ªüõ ü÷�õ¥ Û õ�î Õ µÈõ ö� é ÂÏ ø¢ Âû ,θ̇ ¤¢ �ó¢�ãõ ßþ� é ÂÏ ø¢ ö ¢Âî �Â® ��¥� ´¨� �¤�±ä ö� ¥� ýÂ�ðñ�ÂÚµ÷� ý �¹�µ÷

θ̇2

2
=

mgℓ(1 − sin θ)

Icm + mℓ2
+ C, (5)¢�ªüõ ß��ã� ��óø� Í þ�Âª �� ø ´¨� ´��� ý¤�ÀÖõ C �î

C = −mgℓ(1− sin θ0)

Icm + mℓ2
. (6)Å�

θ̇2

2
=

mgℓ(sin θ0 − sin θ)

Icm + mℓ2
. (7)ù¢�Ôµ¨� ý�Â÷� ý üÚµÆþ�� ¥� (3) ü÷�¤ø¢ × �õ��þ¢ ý �ó¢�ãõ ¥� ù¢�Ôµ¨� ý �� �� Ý�µÆ÷���üõ,ö��¢Â÷ ¥� ù��¡ñ¢ ý �ÎÖ÷ ×þ � �µª ø ´äÂ¨ À�þ��� ��� .Ý�¨Â� ��� ý �Î��¤ �� ø Ý��îý �µ¨�¤ ¤¢ �¤ ´±·õ ́ ú� .Ýþ¤ø� ´¨¢ �� �¤ ,´¨� ö��¢Â÷ �îÂõ ¥� s ý �Ü¬�ê ¤¢ �î S Û ·õ2



ý �ÎÖ÷ ×þ ,A ý �ÎÖ÷ �� ¯��Âõ s = ℓ �¤�¬ ßþ� ¤¢ .ÝþÂ�ðüõ ß�þ�� ́ Þ¨ �� ø ö��¢Â÷,B ý �ÎÖ÷ �� ¯��Âõ s = −ℓ ø ,´¨� ß�õ¥ �� §�Þ� ¤¢ �î ��ö� ´¨� ö��¢Â÷üþ�úµ÷�.´¨� ,¤��þ¢ �� §�Þ� ¤¢ ö��¢Â÷ �î ý��ÎÖ÷ ü�ãþ ´¨� ÂÚþ¢ ý üþ�úµ÷� ý �ÎÖ÷
rS = i(ℓ + s) cos θ + j(ℓ − s) sin θ,

ṙS = −i(ℓ + s)θ̇ sin θ + j (ℓ − s)θ̇ cos θ,

r̈S = −i(ℓ + s)(θ̈ sin θ + θ̇2 cos θ) + j (ℓ − s)(θ̈ cos θ − θ̇2 sin θ). (8)Àþ�üõ ´¨¢ �� B ø A ý �û�ÎÖ÷ � �µª ø ´äÂ¨ ��ßþ� ¥�
rA = 2i ℓ cos θ, ṙA = −2i ℓθ̇ sin θ, r̈A = −2i ℓ(θ̈ sin θ + θ̇2 cos θ)

rB = 2j ℓ sin θ, ṙB = 2j ℓθ̇ cos θ, r̈B = 2j ℓ(θ̈ cos θ − θ̇2 sin θ). (9)�� Ý�¨¤üõ Icm = mℓ2/3 �Ü�õ ý ü÷�¤ø¢ ý üµ¿ó ø θ̈ ø θ̇ ý ý¤�Áð�� ��
r̈A =

3g

2
(3 sin θ − 2 sin θ0) cos θi,

r̈B =
3g

2
(−1 − 2 sin θ sin θ0 + 3 sin2 θ)j,

r̈C =
r̈A + r̈B

2

=
3g

4
(3 sin θ − 2 sin θ0) cos θi +

3g

4
(−1 − 2 sin θ sin θ0 + 3 sin2 θ)j(10)
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x

ℓ

y

Àþ�üõ ´¨¢ �� N1 (7,4,2) ¥� ù¢�Ôµ¨� ��3



NB =
m2gℓ2 cos θ(3 sin θ − 2 sin θ0)

Icm + mℓ2
. (11)¼Î¨ Â� ¢�Þä ý øÂ�÷ ö Àª ÂÔ¬ �þ� .¢�ªüõ NB = 0 ,θ1 = arcsin(

2

3
sin θ0) ý �þø�¥ ¤¢ý��Ñ½ó ¤¢ .´¨� üÔ�õ ¾¨�� ?¢�ªüõ �À� ¼Î¨ ¥� ÝÆ� �î ÝþÂ�Ú� �¹�µ÷ �� ´¨� üê�î́ äÂ¨ �Î½ó ßþ� ¤¢ .´¨� ÂÔ¬ ¼Î¨ Â� ¢�Þä � �µª ¢�ªüõ ¼Î¨ Â� ¢�Þä ý øÂ�÷ �î´þ�Ôî ¼Î¨ ¥� ÝÆ� ö Àª �À� ý �Â� ø¢ ßþ� ö ¢�� ÂÔ¬ �õ� .´¨� ÂÔ¬ Ýû ¼Î¨ Â� ¢�Þä¢�Þä ý �Ôó�bõ ý ýÀã� � �ÖµÈõ ¥� üØþ �î ¢¤�¢ üÚµÆ� ßþ� �� ¼Î¨ ¥� öÀª �À� .À�îüÞ÷¼Î¨ Â� ¢�Þä ý øÂ�÷ ý ���Þî ¤�ÀÖõ NB = 0 ´¨� ßØÞõ .Àª�� ÂÔ¬Â�è ´äÂ¨ ¼ Î¨ Â�Â� ¢�Þä ý øÂ�÷ �î ´Æû Ýû ßØÞõ .¢�ªüÞ÷ �À� ¼Î¨ ¥� ÝÆ� ´ó�� ßþ� ¤¢ .Àª��.Àû¢üõ ´õ�ä Â��ç� ,Àª NB = 0 �îßþ� ¥� Å� �¤�¬ ßþ� ¤¢ .Àª�� üóø�÷ üã��� ¼Î¨Â� ¢�Þä ý �Ôó�b õ ý ýÀã� � �ÖµÈõ ¥� üØþ �fÞµ� ø ¢�ªüõ �À� ¼Î¨ ¥� ÝÆ� ´ó��ßþ� ¤¢¢¤Áðüõ θ1 ¥� θ �îö� ¥� Å� Ý����üõ (11) ¥� �î ¤�Ïö�Þû .´¨� ÂÔ¬Â �è ´äÂ¨ ¼ Î¨¥� Å� ¢�È÷ �À� ¤��þ¢ ¥� �î Àª�� À�Öõ ö��¢Â÷ Âð� �îö� ü�ãþ .Àû¢üõ ´õ�ä Â ��ç� NBö Àª�À� ý �Ü� �� ´¨� �¥� üþøÂ�÷ Å� ßþ� ¥� ü�ãþ ,¢�ªüõ üÔ�õ NB ,θ1 ¥� ßµªÁð�¤ ö� ,Àª�� �µª�¢ ��Ø� ¤��þ¢ �� ö��¢Â÷ �îö� ý �� �� À��îÂê .¢Â�Ú� �¤ ¤��þ¢ ¥� ö��¢Â÷¢¤ �ÖÜ� ö� ¥� �Ü�õ ø Àª�� ý��ÖÜ� Ýû ö��¢Â÷ ý �úµ÷� ¤¢ .Ý�ª�� ù¢�¢ ��Ø� ý��Ü�õ ��ý øÂ�÷ ü�Àõ ö��¢Â÷ ö ¢�µê� ß �� ¤¢ .´¨� À�Öõ �Ü�õ ́ îÂ� �¤�¬ ßþ� ¤¢ .Àª�� ùÀªÅ� .¢�ªüõ NB = 0 ,θ1 = arcsin(

2

3
sin θ0) ý �þø�¥ ¤¢ ùÂ¡��� �îö� �� ,´¨� NB > 0¥� ö��¢Â÷ ö Àª�À� ý �Ü� N ý øÂ�÷ Àã� �� ßþ� ¥� .¢�ªüõ NB < 0 �þø�¥ ßþ� ¥� ßµªÁð ¥�ý �Ü� �î ´Æ�÷ üþøÂ�÷ ,¢¤�À÷ ¢��ø ýÀ�ì ß��� �î ´ó�� ßþ� ¤¢ �õ� .¢Â�ðüõ �¤ �Ü�õ.¢�ªüõ �À� ¤��þ¢ ¥� ö��¢Â÷ ßþ� Â� ��� .¢Â�Ú� �¤ ¤��þ¢ ¥� ö��¢Â÷ ö Àª�À�.´Ôð ¤��þ¢ ¥� ö��¢Â÷ ö Àª �À� ý �þø�¥ ¢¤�õ ¤¢ üþ�û��� ö���üõ Ýû ý¢�ã�� Û �Ü½� ��

θ1 ,θ0 À ã�ü� ́ �Þî �¨ �ûßþ� ¥� .À�µÆû ℓ ø ,m ,Icm ,θ1 ,θ0 �ÜÿÆõ ¤¢ Û�¡¢ ý �û´�ÞîÅ� .´¡�¨ ö���üõ �¤ α :=
Icm

mℓ2
ø

θ1 = f(α, θ0). (12).¢¤�À÷ üÚµÆ� ö��¢Â÷ ñ �Ï ø �Â� �� θ1 �¤�¬ Âû ¤¢ .Ýþ��µêÂð 1/3 �¤ α ��ßþ� ¤¢ �õ �µ±ó��µª�¢ üÚµÆ� À÷���üõ α À ã�ü� ́ ��� ø θ0 ý ��óø� ý �þø�¥ �� �î Àþ�ðüõ ý¢�ã�� Û �Ü½�.¢¤�¢ üÚµÆ� θ0 �� �ú�� �î Àû¢üõ ö�È÷ ¼þÂ¬ ý �±¨�½õ À�� Âû .Àª��´îÂ� ℓ á �ãª � � ý�ùÂ þ�¢ ý ø¤ ö� �¢Â ÷ �Â� � îÂõ ,¢�ª NB = 0 �î ßþ� ¥� Û± ì � �¥� À÷��¤�±ä C ø ,B ,A ̄ �Ö÷ ý �û��µª ø ´äÂ¨ ,¢�ª θ = θ1 �î ü÷�õ¥ .À�îüõ4



ṙA = i

√

8gℓ

9
sin3 θ0, r̈A = 0,

ṙB = −j
√

2gℓ sin θ0 cos θ1, r̈B = −3g

2
j,

ṙC =
ṙA + ṙB

2
, r̈C = −3g

4
j (13)ø À�î ´îÂ� y ý �µ¨�¤ ¤¢ Ýþ¤�¢ ¤�Ñµ÷� Å� ,´¨� −j ́ ú� ¤¢ B ý �ÎÖ÷ � �µª ø ´äÂ¨ö��¢Â÷ ö Àª�À� ý �Ñ½ó ¤¢ �î Ýþ¥�¢Â³� ñ��ÿ¨ ßþ� �� À�þ�� � .À÷�Þ� ÂÔ¬ ö���Ýû NB� �ÖµÈõ ý �Þû ø ö��¢Â÷ Â ¨ ö �Øõ ý üÖê� ý �Ôó�b õ ´¨�À�� (8) ý �Î��¤ ¥� �î ¤�Ïö�Þû

NB = 0 �îö� ¥� Å� Ý���±� Àþ�� âì�ø ¤¢ .¢�ªüõ �À� ö��¢Â÷ �Â� Å� ,À÷ÂÔ¬ ö� ý ü÷�õ¥Ý��îüõ ÓþÂã� Âþ¥ � ¤�¬ �� �¤ S± ý �û´�Þî .À÷�ªüõ �� �û´�Þî ßþ� ¢�ªüõ
S±(θ1) = lim

ǫ→0+
S(θ)

∣

∣

θ=θ1±ǫ
. (14)ßþ� Â� ��� .¢�ª NB = 0 �î ´¨� ö� ¥� (Û±ì) Å� ´¨¤¢ S ¤�ÀÖõ (S−) S+ ́ �Þî

θ̇2
− =

3g

4ℓ
sin θ1, θ̈− = −3g

4ℓ
cos θ1,

xA,− = 0, ẋA,− = 0, ẍA,− = 0, · · · (15)ë�Ô�� ßþ� �îö� ý �Â� .¢�ª ÂÔ¬ ¥� Â�ï¤�� xB Àþ�� ¢�ª �À� ¤��þ¢ ¥� ö��¢Â÷ �îö� ý �Â�ÂÔ¬ ¥� Â�ï¤�� xB ý ü÷�õ¥ � �ÖµÈõ ¥� üØþ Ûì�À� ,¢�ªüõ θ = θ1 �î üµìø Àþ�� ÀµÔ��Àþ�� Àª�� �µ¨����÷ ́ äÂ¨ �îö� ý �Â� .´¨� �µ¨��� B ý �ÎÖ÷ ö �Øõ �î ´¨� ¼®�ø .¢�ª.ẋB,+ = 0 ,xB,+ = 0 Å� .´Æ�÷ üØþ��ê �î ¢�ª ¢¤�ø B ý �ÎÖ÷ �� ´þ�ú÷ü� üþøÂ�÷ö� � �µª ø ´äÂ¨ ,�Â� �îÂõ ö �Øõ .¢�ªüõ �� Å� ßþ� ¥� ö��¢Â÷ ́ îÂ�Ý���±� Àþ�� ���¥� À÷��¤�±ä �ûö� � �ÖµÈõ ø θ ,xB ° Æ� Â�
xc = xB + ℓ cos θ, yc = ℓsinθ,

ẋc = ẋB − ℓθ̇ sin θ, ẏc = ℓθ̇ cos θ,

ẍc = ẍB − ℓ(θ̈ sin θ + θ̇2 cos θ), ÿc = ℓ(θ̈ cos θ − θ̇2 sin θ), (16)ý �÷�Ø�x ý �Ôó�õ ¢¤�À÷ ¢��ø üÖê� ý øÂ� ÷ ö�� .´¨� �µÆþ� � üØ�÷�Øõ ý ý�Â÷�¥� ´¨� �¤�±ä ý�Â÷� .À÷�õüõ ´��� ẋc Å� ,´¨� �µÆþ�� �Â� �îÂõ ý üÎ¡
E = mgℓ sin θ0 =

m

2
(ẋ2

c + ẏ2
c ) +

1

2
Icmθ̇2 + mgℓ sin θ (17)5



¢�ªüõ NB = 0 �îö� ¥� Å� ø
mgℓ sin θ0 =

m

2
[ẋ2

B,+ + ℓ2θ̇2
+ − 2ẋB,+ℓθ̇+ sin θ1] +

1

2
Icmθ̇2

+ + mgℓ sin θ1 (18)
ẍB,+ = ℓ(θ̈+ cos θ+ − θ̇2

+ sin θ+). (19)Àû¢üõ �¹�µ÷ (18) ¤¢ ý¤�Áð�� ø ẋB,+ = 0 ¥� ù¢�Ôµ¨� ��
θ̇2
+ = θ̇2

− =
3g

4ℓ
sin θ1, (20)ÝþÂ�Ú� ÕµÈõ ö�õ¥ �� ´±Æ÷ (18) ¥� Âð�

m[ẋB,+ẍB,+ + ℓ2θ̇+θ̈+ − ẍB,+ℓθ̇+ sin θ+ − ẋB,+ℓθ̈+ sin θ1 − ẋB,+ℓθ̇2
+ cos θ+]

+Icmθ̇+θ̈+ + mgℓθ̇+ cos θ+ = 0,

⇒ (mℓ2 + Icm)θ̈+ − mℓ sin θ+ẍB,+ + mgℓ cos θ+ = 0, (21)Àû¢üõ �¹�µ÷ (19) �� ù�¤Ýû �î
ẍA,+ = ẍA,− = 0,

θ̈+ = θ̈− = −3g

4ℓ
cos θ1, (22)�� Ý�¨¤üõ (21) ñ ø� ý �ó¢�ãõ ø (19) ¥� ýÂ�ðÕµÈõ ��

...
xB,+ = ℓ

...

θ+ sin θ+ + 3ℓθ̇+θ̈+ cos θ+ − ℓθ̇3
+ sin θ+,

0 = m[ℓ2θ̈2
+ + ℓ2θ̇

...

θ+ − ...
xB,+ℓθ̇+ sin θ+] + Icmθ̇+

...

θ+

+Icmθ̈2
+ + mgℓθ̈+ cos θ+ − mgℓθ̇2

+ sin θ+. (23)Àþ�üõ ´¨¢ �� ...
x+ ø ...

θ+ �ó¢�ãõ ø¢ ßþ� Û � ��
...

θ+ = −
√

27g3

16ℓ3
sin3 θ1,

...
xB,+ =

27

8

√

g3 sin θ1

3ℓ
. (24).´¨� ¤�ð¥�¨ ¤��þ¢ ¥� ö��¢Â÷ ö Àª�À� �� �¹�µ÷ ßþ�6



¤��þ¢ ¥� öÀª �À� ¥� Å� ö��¢Â÷ ́ îÂ� 2ö��¢Â÷ ö Àª �À� ¥� Å� .Ý��î ü¨¤Â� �¤ ¤��þ¢ ¥� öÀª �À� ¥� Å� ö��¢Â÷ ´îÂ� À�þ��� ���Àû¢üõ �¹�µ÷ ý�Â÷� ý üÚµÆþ�� ¤��þ¢ ¥�
mgℓ sin θ0 =

m

2
(ẋ2

c + ẏ2
c ) +

1

2
Icmθ̇2 + +mgℓ sin θ (25)ö��¢Â÷ � Â� �îÂõ ́ äÂ¨x ý �Ôó�õ ý üÚµÆþ�� �� ù�¤Ýû �î

ẋc = −ℓθ̇ sin θ
∣

∣

θ=θ1
=

√

2gℓ sin3 θ0

9
(26)�� ¢�ªüõ Â¹�õ

θ̇2 =
6g[sin θ0 − sin θ − sin3 θ0

9
]

ℓ(3 cos2 θ + 1)
(27)¥� À÷� �¤�±ä ö��¢Â÷ ́ îÂ� Â� Ýî�� � �¢�ãõ

NA − mg = mℓ(θ̈ cos θ − θ̇2 sin θ),

NAℓ cos θ = −Icmθ̈. (28)ùÂ ¡�� � ø θ̈ = 0 �¹ � µ ÷ ¤¢ ø NA = 0 ¢� ª À � Ü � ß � õ¥ ¥� À û�� ¿ � ö� �¢Â ÷ � î ü ÷� õ¥�î Àû¢üõ  ¤ θ2 Û ·õ ý��þø�¥ ¤¢ Àû¢  ¤ Àû��¿� ë�Ô�� ßþ� Âð� .¢�ªüõ θ̇2 =
g

ℓ sin θ

g

ℓ sin θ2
=

6g[sin θ0 − sin θ2 −
sin3 θ0

9
]

ℓ(3 cos2 θ2 + 1)
. (29)�� Ý�¨¤üõ �ó¢�ãõ ßþ� ö ¢Âî ù¢�¨ ��

sin2 θ2 − 2 sin θ2(sin θ0 −
sin3 θ0

9
) +

4

3
= 0 (30)ö� � ��� �î

sin θ2 = sin θ0 −
sin3 θ0

9
±

√

(sin θ0 −
sin3 θ0

9
)2 − 4

3
(31)üó�±ì Û ��ì � ��� ø ´¨� üÔ�õ ù¤�øÝû ñ�Øþ¢�¤ Âþ¥ ,´¨� sin θ0 −

sin3 θ0

9
< 1 ö�� �õ��î ü÷�õ¥ .¢�ªüÞ÷ À�Ü� ß�õ¥ ¥� ö��¢Â÷ ø ´¨� NA 6= 0 ßþ� Â� ��� .¢¤�À÷ ¢��ø θ2 ý �Â�¢�ªüõ üÖê� ö��¢Â÷7



θ̇ = −

√

√

√

√3g[sin θ0 −
sin3 θ0

9
]

2ℓ
(32)

ÂÑ÷ ¤¢ �� ¤��þ¢ ¥� öÀª �À� ¥� Û±ì ö��¢Â÷ ´îÂ� ü¨¤Â� 3ß�õ¥ ø ö��¢Â÷ ß �� í �ØÎ¬� ß µêÂð�õ ��ßþ� ¤¢ �±¨�½õ ý üð¢�¨ ý �Â� .ÝþÂ�Ú� ÂÑ÷ ¤¢ �¤ ß�õ¥ �� ö��¢Â÷ ß �� í �ØÎ¬� À�þ���ö��¢Â÷ ß �� í �ØÎ¬� ° þÂ® .Ý��îüõ üª��ÝÈ� ¤��þ¢ ø ö��¢Â÷ ß �� í �ØÎ¬� ¥� ö���Ýû.¢¤�¿� ��ó �� Ý��îüõ �û¤ �¤ ö��¢Â÷ .ÝþÂ�ðüõ üª��ÝÈ�Û ��ìÂ�è üóø ×��î �¤ µ ,ß�õ¥ ��
θ2 �¤ �þø�¥ ßþ� 1?¢�ªüõ �À� ¤��þ¢ ¥� ö��¢Â÷ θ ¥� ý¤�ÀÖõ�� ý �¥� �� Ý���±� Ý�û��¡üõ�¤�±ä ö��¢Â÷ ý �Â� ß���÷ ö �÷�ì .Àþ¤ø�üõ ´¨¢ �� µ ñ ø� ý �±�Âõ �� �¤ ö� ø ÝþÂ�ðüõ¥� ´¨�

NB − µNA = −mℓ(θ̈ sin θ + θ̇2 cos θ),

NA − mg = mℓ(θ̈ cos θ − θ̇2 sin θ). (33)¥� ´¨� �¤�±ä �Â� �îÂõ ñ �� �û¤ø�µÈð ý�Â� ü÷�¤ø¢ × �õ��þ¢ ý �ó¢�ãõ
NBℓ sin θ + µNAℓ sin θ − NAℓ cos θ = Icmθ̈. (34)¢�ªüõ �¹�µ÷ (33) Û � ¥�

NB = µmg − mℓ(θ̈ sin θ + θ̇2 cos θ) + µmℓ(θ̈ cos θ − θ̇2 sin θ),

NA = mg + mℓ(θ̈ cos θ − θ̇2 sin θ), (35)�� À¨¤üõ �¹�µ÷ ö ¢Âî ù¢�¨ ø (34) ¤¢ ý¤�Áð�� �� �î
(Icm + mℓ2)θ̈ − 2µmℓ2 sin θ(θ̈ cos θ − θ̇2 sin θ) = mgℓ(2µ sin θ − cos θ). (36).À���±� �¤ [1] â �Âõ À�÷���üõ ñ�µ¡� © ø¤ �� ü��õÀÖõ ý üþ��ª� ý �Â�18



�ÂÔ¬ ý �±�Âõ �� ´¨� µ 6= 0 �î ��� �õ� ¢�� Û±ì ý �ÜÿÆõ Û ·õ �ó¢�ãõ Û � ¢�� ÂÔ¬ µ Âð�(36) ý �ó¢�ãõ � ��� ñ�µ¡�
[θ̇(0)]2 =

2mgℓ(sin θ0 − sin θ)

Icm + mℓ2
,

θ̈(0) = − mgℓ cos θ

Icm + mℓ2
, (37)�¤ µ ñ ø� ý �±�Âõ �� (36) ý �ó¢�ãõ � ��� .´¨�

θ̇2 = [θ̇(0)]2 + µF (θ) (38)¢�ªüõ �¹�µ÷ ��ßþ� ¥� .ÝþÂ�ðüõ
θ̈ = θ̈(0) +

µ

2

d

dθ
F (θ). (39)¤¢ (39) ø (38) ý ý¤�Áð�� �� .F (θ0) = 0 �� ¢�ªüõ Â¹�õ ��óø� ̄ Âª �î Ýþ¤�¢ ������ Ý�¨¤üõ µ ñ ø� ý �±�Âõ �� � �Þ� ß µª�¢ �Ú÷ ø (36)

(Icm + mℓ2)
d

dθ
F (θ) = 4mgℓ sin θ[

mℓ2(−2 sin θ0 sin θ + 3 sin2 θ − 1)

Icm + mℓ2
+ 1]. (40)�� Ý�¨¤üõ Icm =

mℓ2

3
¥� ù¢�Ôµ¨� ��

d

dθ
F (θ) =

3g

4ℓ

[

9 sin3 θ − 6 sin2 θ sin θ0 + sin θ
] (41).Ý��î ù¢�Ôµ¨� F (θ0) = 0 ¥� ø ÝþÂ�Ú� ñ�ÂÚµ÷� �ó¢�ãõ ßþ� ¥� ´¨� üê�î ���

F (θ) =
3g

4ℓ

[

3(cos3 θ − cos3 θ0) − 10(cos θ − cos θ0) − 3(θ − θ0) sin θ0

+
3

2
(sin 2θ − sin 2θ0) sin θ0

] (42)ù¢�¨ ø (35) ¤¢ �ûßþ� ý ý¤�Áð�� �� .Ýþ¤�¢ ñø� ý �±�Âõ �� �¤ θ̈ ø θ̇2 ,F (θ) ß µª�¢ ��¥� ´¨� �¤�±ä Àû¢üõ �¤ θ2 öÀª�À� ý �þø�¥ �î ý��ó¢�ãõ �¹�µ÷ ö ¢Âî
NB(θ2) = µmg − mℓ

[

(−3g

4ℓ
cos θ2 +

µ

2
F ′(θ2)

]

sin θ2+9



−mℓ
[3g

2ℓ
(sin θ0 − sin θ2) + µF (θ2)

]

cos θ2

+µmℓ
[

− 3g

4ℓ
cos2 θ2 +

3g

2ℓ
(sin θ0 − sin θ2) sin θ2

]

= 0 (43)�ªøÂ î Û ¡�¢ � �Þ� Ý � û�� ¡üõ µ ñ ø� ý � ± �Â õ � � �¤ ���� � õ ö�� � î Ý þ¤�¢ ��� �ý � þø�¥ ¤¢ ö� �¢Â ÷ ¢� � Â Ô ¬ µ Â ð� .Ý þ�� µ ª�¢ � Ú ÷ �Â Ô¬ ý � ± �Â õ � � �¤ Â ¡� Í ¡ ¤¢,θ2 ,´ó�� ßþ� ¤¢ öÀª �À� ý �þø�¥ ßþ� Â� ��� .Àªüõ �À� ¤��þ¢ ¥� θ1 = arcsin(2
3 sin θ0)ø ´¨� Û±ì � ��� ö�Þû µ �ÂÔ¬ ý �±�Âõ ��

θ2 = θ1 + δθ. (44)¢�ªüõ �¹�µ÷ ��ßþ� ¥�
sin θ2 = sin(θ1 + δθ) ≈ sin θ1 + δθ cos θ1,

cos θ2 ≈ cos θ1 − δθ sin θ1. (45)� �Þ� ß µª�¢ �Ú÷ ø (43) ¤¢ �ûßþ� ý ý¤�Áð�� �� .´¨� µ ý �±�Âõ ¥� δθ �î Ýþ¤�¢ ����Ý��ì �Àµ�� ¤¢ ö��¢Â÷ �î Ý��î Âê Âð� .Àþ�üõ ´¨¢ �� θ2 �¹�µ÷ ¤¢ ø δθ ,µ ñ ø� ý �±�Âõ ��¢�ªüõ Â�ù¢�¨ ö�õÍ ��ø ¤ ,θ0 = π/2 ù¢��
F (θ) =

3g

4ℓ

[

3 cos3 θ − 10 cos θ − 3(θ − π/2) +
3

2
sin 2θ

]

F ′(θ) =
3g

4ℓ

[

− 9 cos2 θ sin θ + 10 sin θ − 3 + 3 cos 2θ
]

,

sin θ2 ≈ 2

3
+

√
5

3
δθ,

cos θ2 ≈
√

5

3
− 2√

3
δθ, (46)ø ,δθ = −1.57µ ¢�ªüõ �¹�µ÷ �ûßþ� ý �Þû ¥� ù¢�Ôµ¨� ��

θ2 = arcsin(
2

3
) − 1.57µ (47) Â ê � � .´¨� θ1 = arcsin(2

3 ) ≈ 41.8◦ ö� �¢Â ÷ ö À ª�À � ý � þø�¥ À ª� � Â Ô¬ µ Â ð�
µ = 0.1

θ2 ≈ 34.7◦. (48)ý �ÜÞ� �Âþ¥ ¢¤�¡üÞ÷ ¢¤¢ �� ñø� ý �±�Âõ �� ° þÂÖ� Àª�� µ = 0.4 Âð� �f ·õ �î Ýþ¤�¢ ����.¢�ªüõ �ÂÔ¬ ý �±�Âõ ý �ÜÞ� ý �±�Âõ ö�Þû ¥� ñø� ý �±�Âõ10
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