
¤�¢°�ª ¼
 Î¨ ×þ ýø¤ ý�ù¤£ ´îÂ�ýÀÞ½õ�ì� Â�õ�ü¨¤Â� í�ØÎ¬� �� ¤�
¢°�ª ¼
 Î¨ ×þ ýø¤ ý�ù¤£ ´îÂ� -ùÀ�Ø�.¢�ªüõ ¶½� í�ØÎ¬� °
 þÂ® Ó
 Üµ¿õ Â
þ¢�Öõ ý
 �¥� �� .¢�ªüõ¼
 Î¨ ý
 ø¤ ù¤£ 
́ îÂ� ý
 ü¨¤Â� ü��õÀÖõ ×
 �÷�Øõ ý
 �û��µî ¢
¤�À÷�µ¨� Û
 ��Æõ ¥� üØþ¼
 Î¨ ý
 � µ¨�¤ ¤¢ ø Àã �e ×þ ¤¢ ´îÂ� �f �Þãõ Û��Æõ � ÷�ðßþ� ¤¢ .´¨� ¤�¢°�ª.Ý��î ü¨¤Â� üÜî 
́ ó�� ¤¢ �¤ �ÜÿÆõ ßþ� Ý�û��¡üõ ��ßþ� ¤¢ �õ .´¨� ¤�¢°�ª���Â� ¤�¢°�ª ¼
 Î¨ ­
 Âä ¤¢ �î ý�ù¤£ 
́ îÂ� ý
 ü¨¤Â� 1ùÀª���Â� v0j ý
 ��óø� 
́ äÂ¨ �� θ °
 �ª �� ý¤�¢°�ª ¼
 Î¨ ý
 ø¤ t = 0 ö
 �õ¥ ¤¢ �¤ ý�ù¤£.´¨� µ ¼Î¨ �� ù¤£ í
 �ØÎ¬� °
 þÂ® ø °�ª ßþÂ�Ç�� ý
 �µ¨�¤ ¤¢ x ¤
�½õ .Ý��îüõý
 ø¤ ù¤£ 
́ îÂ� Ý�û��¡üõ .Ý��î üõ ÓþÂã� α := µ cot θ ý
 �Î��¤ � � �¤ α Â
 µõ�¤� �.Ý��î ü¨¤Â� ÓÜµ¿õ ý
 �û α ý
 �¥� �� �¤ ¤�¢°�ª ¼
 Î¨
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ø y ,x ¤
�½õ ý
 �µ¨�¤ ý
 �Â� �¤ ß���÷ ö
 �÷�ì .ÝþÂ�ðüõ s �¤ Â�Æõ ñ
 �Ï ý
 �Êµ¿õ¥� À÷��¤�±ä Â�Æõ Â� §�Þõ ý
 �µ¨�¤
mg sin θ(1 − α cos ϕ) = mẍ,

−αmg sin θ sin ϕ = mÿ,

mg sin θ(cos ϕ − α) = ms̈. (1)
α = 0 1.1ø À÷�õüõ ´��� ´äÂ¨
y ý
 �Ôó�b õ .´¨� í�ØÎ¬� ö
 øÀ� ¤�¢°�ª ¼
 Î¨ ´ó�� ßþ� ¤¢.´¨� g sin θ �
 �µª �� ü���Â� 
́ îÂ� ×þ ù¤£ 
́ îÂ�
α = 1 2.1.¢�ªüõ ù¢�¨ (1) ý
 �û�ó¢�ãõ α = 1 ý
 �¥� �� .´¨� ùÀª ü¨¤Â� Ýû [1] ¤¢ ´ó�� ßþ�¢�ªüõ �¹�µ÷ (1) ý
 �ó¢�ãõ ßþÂ¡� ø ß�óø� ¥�

s̈ + ẍ = 0, ⇒ ṡ + ẋ = C, (2)Å� .Àþ�üõ ´¨¢ �� ©¤�ÀÖõ ��óø� Í
 þ�Âª ¥� �î ´¨� üµ��� C �î
ṡ + ẋ = v0, (3)�î ßþ� �� ���� �� �õ�2



ẋ = ṡ cos ϕ,

ẏ = ṡ cos ϕ, (4)¢�ªüõ �¹�µ÷
ṡ =

v0

1 + cos ϕ
,

ẋ =
v0 cos ϕ

1 + cos ϕ
,

ẏ =
v0 sin ϕ

1 + cos ϕ
, (5)

ϕ̇ Ý�÷���üõ ö� ¥� ýÂ�ðÕµÈõ �� ,´¨� tan ϕ =
dy

dx
=

ẏ

ẋ
Â�Æõ °
 �ª �îßþ� �� ���� ��Ýþ¤ø� ´¨¢ �� �¤

ϕ̇(1 + tan2 ϕ) =
ÿẋ − ẍẏ

ẋ2
(6)�� Ý�¨¤üõ ÿ ø ẍ ý
 ý¤�Áð�� ø (1) ß���÷ ß
 �÷��ì ¥� ù¢�Ôµ¨� �� ���

ϕ̇ = −
g

v0

sin θ sin ϕ(1 + cos ϕ). (7)ö�õ¥ ¥� üóø�÷ üã��� ϕ ßþ�Â���� ø ϕ̇ < 0 ù¢a��
ϕ Âû ý
 �¥� �� �î ´¨�À�� �Î��¤ ßþ� ¥�´Ö�Ö� ¤¢ ,¢�ª ÂÔ¬ �îüþ�� �� ¢�ªüõ Ýî π/2 ©���óø� ¤
�ÀÖõ ¥� ϕ .´¨�
lim
ϕ→0

ϕ̇ = 0. (8)3



Àþ�üõ ¤¢ Âþ¥ �
 ¤�¬ �� (7) ý
 �ó¢�ãõ ø ´¨� φ ≈ 0 ï¤�� ý
 �ûö�õ¥ ¤¢
ϕ̇ ≈ −

2g sin θ

v0

ϕ, ⇒ ϕ ∝ e
−

2gt sin θ

v0 . (9)ÂÔ¬ 
́ Þ¨ �� üþ�Þ÷ �
 ¤�¬ �� ϕ , v0

2g sin θ
ý
 �±�Âõ ¥� ï¤�� ý
 �ûö�õ¥ ¤¢ ßþ� Â� ���À�þ�üõ ¤¢ Âþ¥ �
 ¤�¬ �� (5) Í
 ��ø ¤ ï¤�� ý
 �ûö�õ¥ ¤¢ .¢ø¤üõ

lim
t→∞

ṡ = lim
t→∞

ẋ =
v0

2
,

lim
t→∞

ẏ = 0, (10)
́ äÂ¨ �� ´¨�¤ üÎ¡ ý
 ø¤ ù¤£ ï¤�� ý
 �ûö�õ¥ ¤¢ ,Àª�� µ = tan θ Âð� ßþ� Â� ���.Àþ�üõ ß�þ�� ¤�¢°�ª ¼
 Î¨ °
 �ª ßþÂ�Ç�� ý
 �µ¨�¤ ¤¢ v0

2

́ ���

α < 1 3.1�� Ý�¨¤üõ (1) ý
 �ó¢�ãõ ßþÂ¡� ø ß�óø� ¥� cos ϕ é
 Á� ��
ẍ + αs̈ = g sin θ(1 − α2), (11)�� Ý�¨¤üõ ��óø� Í
 þ�Âª ¥� ù¢�Ôµ¨� ø �Î��¤ ßþ� ¥� ýÂ�ðñ�ÂÚµ÷� ��

ẋ + αṡ = g sin θ(1 − α2)t + αv0, (12)�� Ý�¨¤üõ (4) ¥� ù¢�Ôµ¨� �� �î
ṡ =

g sin θ(1 − α2)t + αv0

α + cos ϕ
,4



ẋ =

(

g sin θ(1 − α2)t + αv0

)

cos ϕ

α + cos ϕ
,

ẏ =

(

g sin θ(1 − α2)t + αv0

)

sin ϕ

α + cos ϕ
, (13)�� Ý�¨¤üõ Àª (7) �� Â¹�õ ��ö� �
 �±ª ý��±¨�½õ ��

ϕ̇ = −
g sin θ(α + cos ϕ) sin ϕ

g sin θ(1 − α2)t + αv0

. (14)¢�ªüõ ×��î ϕ ßþ�Â���� .´¨� üóø�÷ ϕ ø ϕ̇ < 0 ù¢a�� ý
 ϕ ý
 �Â� ø α < 1 ý
 �¥� ��¤¢ ö�õ¥ °
 Æ� Â� ϕ 
́ � ã �� � �îö� ý
 �Â � .¢�ªüõ ϕ̇ → 0 ,ϕ → 0 ý
 �¥� � � �îö� � �×��î ý
 �û ϕ ý
 �Â� �¤ (14) ý
 �ó¢�ãõ ´¨� �¥� Ýþ¤ø� ´¨¢ �� �¤ ï¤�� ý
 �ûö�õ¥Ý��î ��Æ�
ϕ̇ ≈ −

ϕ

(1 − α)t
, ⇒ ϕ ∝ t

−
1

1 − α . (15)¥� ù¢�Ôµ¨� �� .¢ø ¤üõ ÂÔ¬ 
́ Þ¨ �� ü÷��� �
 ¤�¬ �� ϕ ï¤�� ý
 �ûö�õ¥ ¤¢ ßþ�Â������ Ý�¨¤üõ ϕ̇ Â� ẏ Ý
 �ÆÖ� ø (15) ø (13)
∫ L

0

dy =
v2
0

g sin θ

∫ π/2

0

dϕ

(1 + cos ϕ)2

=
v2
0

g sin θ

∫ π/2

0

dϕ

(

(1 + tan2
ϕ

2
) + tan2

ϕ

2
(1 + tan2

ϕ

2
)

)

L =
v2
0

6g sin θ
, (16).´¨� y ý
 �µ¨�¤ ¤¢ ù¤£ ý
 üÚµê¤Ç�� ßþÂ�Ç�� L �î5



¤¢ Âþ¥ �
 ¤�¬ �� ṡ ø ẋ °
 ó�è ý
 �ÜÞ� (13) Í
 ��ø ¤ ¥� ù¢�Ôµ¨� �� ï¤�� ý
 �ûö�õ¥ ¤¢À�þ�üõ
lim
t→∞

ṡ ∼ g sin θ(1 − α)t,

lim
t→∞

ẋ ∼ g sin θ(1 − α)t,

lim
t→∞

ẏ = 0, (17)
́ ��� �
 �µª �� ´¨�¤ üÎ¡ ý
 ø¤ ù¤£ ï¤�� ý
 �ûö�õ¥ ¤¢ ,Àª�� µ < tan θ Âð� ßþ� Â� ���.Àþ�üõ ß�þ�� ¤�¢°�ª ¼
 Î¨ °
 �ª ßþÂ�Ç�� ý
 �µ¨�¤ ¤¢ g sin θ(1 − α)

α > 1 4.1´¨� ï¤�� í�ØÎ¬� ´ó�� ßþ� ¤¢ .À÷¤�ÂìÂ� ��÷ α > 1 ý
 �Â� (14) ø (13) ý
 �û�ó¢�ãõö
 �õ¥ ¤¢ ù¤£ 
́ äÂ¨ ø
T =

αv0

g sin θ(α2 − 1)
(18)ßî�¨ ù¤£ ´¨� ï¤�� í�ØÎ¬� ö�� Àª ßî�¨ ù¤£ �îßþ� ¥� Å� .¢�ªüõ ÂÔ¬.À÷�õüõÕ�ì¢ Û
 � 5.1ßþ� üóø Ý�µª�¢ À�î�b� ÝµÆ�¨ ý
 ýÀa � ¤�µê¤ ý
 ü¨¤Â� Â� Â�Ç�� üÜ±ì ý
 �ûÇ¿� ¤¢ �õ°
 Æ� Â� ϕ ý
 �Î��¤ Àþ��� ñ�·õ ö
 ���ä �� .¢Âî Û� Ýû Õ�ì¢ Û
 Øª �� ö���üõ �¤ �ÜÿÆõ�� Ý�¨¤üõ (14) ý
 �ó¢�ãõ ¥� .Ýþ¤ø� ´¨¢ �� Õ�ì¢ ¤�Ï �� �¤ ö�õ¥6



−(1 − α2) sin ϕ dϕ

(α + cos ϕ)(1 − cos2 ϕ)
=

g sin θ(1 − α2)dt

g sin θ(1 − α2)t + αv0

(19)´¨� ü÷Àª�À� �ó¢�ãõ ßþ� �õ�
d cos ϕ

α + cos ϕ
+

(1 − α)d cos ϕ

2(1 − cos ϕ)
−

(1 + α)d cos ϕ

2(1 + cos ϕ)
=

g sin θ(1 − α2)dt

g sin θ(1 − α2)t + αv0

(20)¢�ªüõ �¹�µ÷ t ö
 �õ¥ �� ϕ =
π

2
�îüµìø ü�ãþ �Àµ�� ¥� �ó¢�ãõ ßþ� ¥� ýÂ�ðñ�ÂÚµ÷� ��

t =
αv0

g sin θ(1 − α2)

{(

α + cos ϕ

α sin ϕ

)

tanα ϕ

2
− 1

} (21)
ϕ = 0 üþ�ú÷ 
́ ó�� ø ´þ�ú÷ü� üþ�ú÷ 
́ ó�� �� öÀ�¨¤ ö
 �õ¥ ,α ≤ 1 
́ ó�� ý
 �Â �¥� ϕ ý
 üþ�ú÷ ¤
�ÀÖõ ø ¢øÀ½õ üþ�ú÷ 
́ ó�� �� öÀ�¨¤ ö
 �õ¥ ,α > 1 
́ ó�� ¤¢ �õ� .´¨�Àþ�üõ ´¨¢ �� Âþ¥ ý
 �ó¢�ãõ

(

α + cos ϕf

α sin ϕf

)

tanα ϕf

2
= 1. (22)

â��Âõ 2
[1] Irodov I. E.; Fundamental laws of mechanics, Mir Publishers Moscow

2002, page 64.

7


