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∂σ

, 3146

�:���" ŝ �� ��J* �� � ∂T0

∂σ
= 0

∂

∂σ

∣∣∣∂R
∂x

∣∣∣ ŝ =
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∂σ
. 3176

�� "0,9� �&��� ��|�>�� �, ��!� �S;� �" ()� �� >�� 9��� '� ��� '� �<!�� B� 0� �� 8"�J� (�� ��

9� G�@ B0� >@�� '�<& v '5 �" ��
(
∂2y

∂t2
= v2 ∂

2y

∂x2

)
%J*�� ���* 9� G�@ B� 0� �� 8"�J� �� �8"�J� (��

:& � 9G�@ B0� >@�� :& �� "��" 
� �){). ?4, �8"�J� (�� �"��" u�� >�� 3 ct 9�J� 6 ��*
'��0� -� :)��9� 9J� ��8"�J� (�� '� �, �* U0<#� 
��� �>�� �, �&�� '5 �" 980D B0� >@��
�:)�� ��� :& �� 9��AP��;* �" �� 9G�@ � 980D B0� a^"�J� � :��)+� �i� �" '�<!�� �" �� -W0�
ŝ �� ��J* �" R 
��e+��� �� �:)��9� 
��e+��� 3176 B� 0� �� 8"�J� �" �� R = (σ + ξ, η, ζ) (�������

�:���"
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9*���Z� �+��" �	� �:��)	9� �i� �" ε0 �� '�<!��  � 0D �R�� K� �� >8�R (�� �" �:���e	9� L!W��
(�� �� z �0Q� � >�� '�<!�� �� ?;�!� �� :��)+� �i� �" 
�J� �� 
�s� �" '�<!�� (�� ����� ��
"� ��5  0D �� '�<!�� �� 
���@ >��R :)&�0E9� :)�� x�� σ ��0Q� >A� �" �� a���Z� �+��"
����� �� %80D � :)&" ���N �)� 
�� �� '5 �� M� :)�� x�� '�� 9� �� '�<!�� 9�J� "��5  0D 6 dσ
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�� '�<!�� �� ^�R "0� ε0 dσ ["��5 >� 8�R K��� �	� � >�� R0 = (0, 0, σ) �
V���	^ �)T0* �" dz

K�� 
�;� '� 0��N qPD ��P8� �� >�� ε(z) dz %��� �:�"�� '����5

ε(z) dz = ε0 dσ , 3286

�X)�� �" �

ε(z) = ε0
dσ

dz
, 3296

�z = L ����Z� �� σ = L0 L� !W�� �" 9�J� "���� 
� 9	�)�� �)& �� '�<!�� ��S;� (����)��. �" ��
O�;�  � 0D �R�� K� �� (������� �>�� ε0 '�<& �'�<!�� ����@ (����)��.  � 0D �R�� K� �� � >�� dσ

dz
= 1

�� )T0* �" dz ����@ '� �4� ��"�� :���5 �" '��0� �� �� '�<!�� (�� �	� ����9� u�� '�<!�� �� #�Z�
�X)�� �" � R = (ξ, η, σ + ζ) ��, �&�0E 
V���	^

δR =
∣∣∣∂R
∂σ

∣∣∣ dσ . 3306

��� >�� ����� '��0� ��X)�� �" '�<!�� �� dz ���@  � 0D ��))c* �e8∣∣∣∂R
∂σ

∣∣∣ dσ − dz , 3316

��� >�� ����� �:)�� �P��Q� �� ���@ (�� 9� P!�  0D �))c* �	� ��∣∣∣∂R
∂σ

∣∣∣ dσ
dz

− 1 =

∣∣∣∂R
∂z

∣∣∣− 1 . 3326

dz :�"��9� 9���� �� �� '�<!�� �� 
���@  � 0D �:�"0� "���)� �" '��0� �� �� '�<!�� �0�& �� 9�N�
�R�� K� �� "�� ��). �))c*

∣∣∣∂R
∂σ

∣∣∣ dσ �� ���@ '5  0D �'��0� �H� �" �� ^�R "0� ε%80D �R�� K��� �
�"0,9� �P��Q� ��� a�0T �� ε �� ε ��S��� �� �, �&�0E ε ��G�� � "0,9� x0@ �)� %80D

ε dz = ε
∣∣∣∂R
∂σ

∣∣∣ dσ , 3336

ε = ε

∣∣∣∂R
∂σ

∣∣∣ dσ
dz

, 3346
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ε = ε
∣∣∣∂R
∂z

∣∣∣ , 3356

�X)�� �"

ε =
ε∣∣∣∂R
∂z

∣∣∣ . 3366

��� >!*��P@ �:)���,9� σ = 0 L� !W�� �� �� 
� �S;� (��*^�� �" '�<!�� �� "��� %� �� 
��)�

T0 (σ = 0) = L0 ε0 g . 3376

(����)��. � σ L� !W�� �� [� �S;� (��*^�� �� dz ����@ �� "��� 
�&��)� 
��� �� (*0)� K� �" '� 0��N �	�
�:)!�0�� >�� ε0 dσ%��� � "0,9� wZ�� σ + dσ L� !W�� �� [� �S;�

g ε0 dσ + T0(σ + dσ) − T0(σ) = 0, 3386

g ε0 dσ +
∂T0

∂σ
dσ = 0, 3396

g ε0 = − ∂T0

∂σ
, 3406

�X)�� �"

T0 = − g ε0σ + T0(σ = 0). 3416

 �R �" :�� ��!� �S;� �" ()� � :�� "�� '����5 :j�N �0S� ���5 �� 9��<!�� %� �� 
��)� (�������
��� >�� ����� � >�� �)c�� '�<!��  0D �" � "�J*

T0 = − g ε0σ + L0 ε0 g, 3426

T0 = L0 ε0 g
(
1 − σ

L0

)
. 3436

�&�0E '�<!�� �� dz ����@ 9� P!�  � 0D �))c* �:���5 �" '��0� �� �� '�<!�� 9�N� :���" �� �0S��<&
a� �0�� �� '��0� ()R �" '�<!�� %� �� 
��)� (������� �

∣∣∣∂R
∂z

∣∣∣− 1 ��,

T = L0 ε0 g
(
1 − σ

L0

)
+QA

(∣∣∣∂R
∂z

∣∣∣− 1
)
, 3446

a� �0�� 9*��P@ �� ��

T = T0 +QA
(∣∣∣∂R
∂z

∣∣∣− 1
)
, 3456
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( ��� �� � � �
∣∣∣∂R
∂z

∣∣∣ = 1 � "� J * >� 8� R �" � � � � �9 � u� T O� , ( �� �" � : ) ! �0 �9 �
��� J * � �� a� �� P @ � � �� '� <! �� � � U�< � �� 4 � ��"� � ��, �&�0E T = T0 = L0 ε0 g

(
1 − σ

L0

)
�:)��9�

ŝ =

∂R

∂σ∣∣∣∂R
∂σ

∣∣∣ . 3466

'�<!�� (�� �� dσ ���@ 
��� 
V���	^ �� )T0* �" �� (*0)� K��" '0��N � �,�� g ()�� %� ���	 r� ��, �	�
�:���" �:)!�0��

ε0 dσ
∂2R

∂t2
=

∂

∂σ
(T ŝ) dσ + ε0 dσ g ẑ . 3476

ε0
∂2R

∂t2
= ŝ

∂T

∂σ
+ T

∂ŝ

∂σ
+ ε0 g ẑ . 3486

�:)��9� ��� a��P@ �� �S��� (�� �" T 
� ��e+��� ��

∂2R

∂t2
= ŝ

1

ε0

∂T0

∂σ
+ ŝ

QA

ε0

∂

∂σ

∣∣∣∂R
∂z

∣∣∣+ (T0

ε0
− QA

ε0

)
∂ŝ

∂σ
+
QA

ε0

∣∣∣∂R
∂z

∣∣∣ ∂ŝ
∂σ

− g ẑ , 3496

�:���" ŝ �� ��J* �� �

∂

∂σ

∣∣∣∂R
∂z

∣∣∣ ŝ =
∂2R

∂σ2
−
∣∣∣∂R
∂z

∣∣∣ ∂ŝ
∂σ

. 3506

�� ���J* � a��P@ (�� 
� ��e+��� ��

cl
2 :=

QA

ε0
, ct

2 :=
T0

ε0
, 3516

�� 8"�J� �" 3 >�� 9G�@ B0� ������� >� @�� ��eX� �ct
2 � 980D B0� ������� >@�� ���eX� �cl

2 �� 6
�:���" 3496

∂2R

∂t2
= cl

2 ∂
2R

∂σ2
+
(
ct

2 − cl
2
) ∂ŝ

∂σ
+ g (ẑ− ŝ) . 3526

:& '5 �" �� >�� 
��){). �� 8"�J� :& ��� �� >�� ��!� �� �" :� j�N ������� '� �<!�� B� 0� �� 8"�J� (�� ��
�&�� �� �� 8"�J� (�� '� �, �* U0<#� 
��� �>�� �, �&�� 9G�@ B� 0� >� @�� :& � 980D B� 0� >� @��
�-W0� ��)!� 
�A���0� L� ��;* �" '5 �� 9G�@ B0� �� 8"�J� � 980D B0� �� 8"�J� B� ��Z��� � �){).
��� �� �8"�J� (�� z � y �x 
�& ��80� � � "�� 
��e+��� 3526 B� 0� �� 8"�J� �" �� R = (ξ, η, σ + ζ)

�:���" ŝ �� ��J* qPD �:)��9�
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ŝ =

(
∂ξ

∂σ
,
∂η

∂σ
,
∂ζ

∂σ
+ 1
)

√(
∂ξ

∂σ

)2

+
(
∂η

∂σ

)2

+
(
∂ζ

∂σ
+ 1
)2

. 3536

�:���" �q���  � �� �� P*� (� �,�" �+� �� � :)&"9� 
��#<� �" d� !� �� �!� B� �Z�

ŝ �
(
∂ξ

∂σ
,
∂η

∂σ
, 1
)
. 3546

�� >!*��P@ ŝ  � �� �� P*�� 9� ��4� q� ��� �

∂ŝ

∂σ
=

(
∂2ξ

∂σ2
,
∂2η

∂σ2
, 0

)
. 3556

�� >������� '��� �� >P!� R  � �� �� P*�� q� ���

∂R

∂t
=
(
∂ξ

∂t
,
∂η

∂t
,
∂ζ

∂t

)
. 3566

�� >������� '��� �� >P!� a��P@ (�� K� �" �� P*�� q� ���

∂2R

∂t2
=

(
∂2ξ

∂t2
,
∂2η

∂t2
,
∂2ζ

∂t2

)
. 3576

�� >!*��P@ '�4� �� >P!� R K��" �� P*�� q� ���

∂2R

∂σ2
=

(
∂2ξ

∂σ2
,
∂2η

∂σ2
,
∂2ζ

∂σ2

)
. 3586

z � y �x 9� ��4� 
�&��8 0� � '� "�� ��� � 3526 B� 0� �� 8"�J� �"
∂2R

∂σ2
� ∂

2R

∂t2
� ∂ŝ
∂σ

d� ��� � 
� ��e+��� ��
��� ��*��P@ �� :)��9� B0� �� 8"�J� �� ��

∂2ξ

∂t2
= ct

2 ∂
2ξ

∂σ2
− g

∂ξ

∂σ
, 3596

�" ()� z �0Q� "����� �" �� '�<!�� �	� 9�J� �>�� x �0Q� >� A� �" �'�<!�� 9� G�@ B� 0� �� 8"�J� ��
(�� �� :�0,9� '5 �" 9G�@ 9,�J*�� LP� :)�� "��� 
� ���G �x>A� �" '5 �� � :),�� ��!� �S;�
�� �	� �� "0,9� �&��� �"0,9� ����� xz ��Q�T �" ct >@�� �� 9�0� �� 8"�J� ()�W >� Q* [�J*��
94� �:)��9� 9G�@ B0� �� 8"�J� �"�� ?� 4, '�<& �� 3 g = 0 9�J� 6 :)�� �i���T '�� 
��)� �H�

��� >!*��P@ a^"�J� �� �+�"

∂2η

∂t2
= ct

2 ∂
2η

∂σ2
− g

∂η

∂σ
, 3606

�" ()� z �0Q� "����� �" �� '�<!�� �	� 9�J� �>�� y �0Q� >� A� �" �'�<!�� 9� G�@ B� 0� �� 8"�J� ��
(�� �� :�0,9� '5 �" 9G�@ 9,�J*�� LP� :)�� "��� 
� ���G �y >A� �" '5 �� � :),�� ��!� �S;�
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�&��� �)� �X��� �" �"0,9� ����� yz �� Q�T �" ct >@�� �� 9�0� �� 8"�J� ()�W >� Q* [�J*��
9G�@ B0� �� 8"�J� �"�� ?� 4, '�<& �� 3 g = 0 9�J� 6 :)�� �i���T '�� 
��)� �H� �� �	� �� "0,9�

�� >!*��P@ �8"�J� (��E5 � �:)��9�

∂2ζ

∂t2
= cl

2 ∂
2ζ

∂σ2
, 3616

()� z �0Q� "����� �" �� '�<!�� �	� 9�J� �>�� z �0Q� >� A� �" �'�<!�� 9� G�@ B� 0� �� 8"�J� (�� ��
%J*�� �� '5 � :)�� "��� 
� ���G z >A� �" '�<!�� Y� S;� FS� �� /b� � :),�� ��!� �S;� �"

�"0,9� ����� cl >@�� �� '�<!�� "� ����� �" 
� 980D B� 0� :����
B� 0� �� 8"�J� �>�� -W0� 9#)E �A���0� �� ���" �� L��;* �� 9��&�P*�� �" :)�!��0* L)*�* (�� ��
�� 
"��0� �" 98� :)�� B��Z��� 3526 ��){). �&�� �� B� 0� �� 8"�J� �� �� 980D B� 0� �� 8"�J� � 9G�@

���0,9� �&�� 3526 �� 8"�J� �" �, >�� a� �0�� �8"�J� �" (�� �,�P� -W0� �A���0� �� ���"

���7	� 5�J *+� �� 
�K��@ �"��	�� 
" ��A�� L
�" ���*�� :& �� S;� �" ()� 
�)X�� :� Em ?4, �� �� �� 
������ '� �<!�� B0� �� 8"�J� :)&�0E9� ^�R
>8�R (�� �" �:��)	9� ^�� �� � � �� z ��0Q� >� A� �%Z� (�� �" �:)�� �P��Q� >�� '����5 xz ��Q�T
'�<!�� �4)�8�R �" 9�J� �:)��9� "����� %J*�� '� �<!�� >��R 9� ���� 
��� 
V���	^ �)T0* �� �)�

�AP!W�� �� �� '�<!�� 
�� �� #�Z� O�;� �>�� >)<&� 9� %��� �X)�� �" � :�� "�" ���N �)� 
�� ��
ε0 �'�<!��  � 0D �R�� K� �� >8�R (�� �" �:)��9�  �P�" �� O�;� (�� a���R � :)��9�wZ�� σ
���*�� :& �� S;� �" ()� �� '�<!�� (�� ^�R �:���" z(σ) � x(σ) 9�J� ���!& σ �� 9J��* z � x �>��
�� 8"�J� 9*��P@ �� �� 
�)X�� :� Em �� 8"�J� '�<& �'�<!�� :� Em �� 8"�J� >8�R (�� �" �� :)��9� '����5
�R�� K� �� �:�� ��E�!� %J*�� �� '�<!�� �0�& ��  "�J* >8�R �" �>�� z = a

[
cosh

(
x

a

)
− 1
]

'�<!�� �� 
���@ >��R :)&�0E9� �>�� �)c�� '�<!��  � 0D �" �'�� 
��)� �)H��* ��S��� �� %80D
(�� �� )8��  0D �:)�� 9���� �� 3 �:)��x�� '�� '��� �� '�<!�� 9�J� "��5  0D 6 dσ "� ��5  0D ��
�&�0E ds �'�� 
��)� �)H��* ��S��� �� :)�� '����5 ���*�� :& ��S;� �" ()� �� '�<!�� �4)*�0T �" ���@
["��5 >� 8�R K��� �	� � >�� R0 = (x(σ), 0, z(σ)) �
V���	^ �)T0* �" ds ����@ '� �4� ���"�� ��,

K�� 
�;� '0��N qPD ��P8� �� >�� ε(s) ds%��� �:�"�� '����5 �� '�<!�� �� ^�R "0� ε0 dσ

ε(s) ds = ε0 dσ , 3626
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ε(s) = ε0
dσ

ds
, 3636

(�� �	� ����9� u�� %�#�Z� O�;�  � 0D �R�� K� �� :)��9� '����5 �� '�<!�� �� 9�8�R �" (�������
��, �&�0E 
V���	^ �� )T0* �" ds ����@ '� �4� ���"�� :���5 �" '��0� �� �� '�<!��

R = (x(σ) + ξ, η, z(σ) + ζ) 3646

�X)�� �" �

δR =
∣∣∣∂R
∂σ

∣∣∣ dσ . 3656

��� >�� ����� '��0� ��X)�� �" '�<!�� �� ds ���@  � 0D ��))c* �e8∣∣∣∂R
∂σ

∣∣∣ dσ − ds , 3666

��� >�� ����� �:)�� �P��Q� �� ���@ (�� 9� P!�  0D �))c* �	� ��∣∣∣∂R
∂σ

∣∣∣ dσ
ds

− 1 =
∣∣∣∂R
∂s

∣∣∣− 1 . 3676

ds :�"��9� 9���� �� �� '�<!�� �� 
���@  � 0D �:�"0� "���)� �" '��0� �� �� '�<!�� �0�& �� 9�N�
�R�� K� �� "�� ��). �))c*

∣∣∣∂R
∂σ

∣∣∣ dσ �� ���@ '5  0D �'��0� �H� �" �� ^�R "0� ε%80D �R�� K��� �
�"0,9� �P��Q� ��� a�0T �� ε �� ε ��S��� �� �, �&�0E ε ��G�� � "0,9� x0@ �)� %80D

ε ds = ε
∣∣∣∂R
∂σ

∣∣∣ dσ , 3686

ε = ε

∣∣∣∂R
∂σ

∣∣∣ dσ
ds

, 3696

ε = ε
∣∣∣∂R
∂s

∣∣∣ , 3706

�X)�� �"

ε =
ε∣∣∣∂R
∂s

∣∣∣ . 3716
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� "0<@ �� �8 0� � �X)�� �" � 0 = T2z − T1z + ε0 ds g 98� >�� >��H ?���  � 0D �" %�� 
� ��)� 9� ;��
9+�!� z �� T0 � "�J* >8�R �" �� :)�0+� :)��0*9� /. �>!)� >��H '�<!��  � 0D �" %�� 
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∣∣∣∂R
∂s
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T = T0 +QA
(∣∣∣∂R

∂s

∣∣∣− 1
)
, 3726

 0D �" �'�� 
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∂s
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ŝ =

∂R

∂s∣∣∣∂R
∂s

∣∣∣ . 3736
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ε0 dσ
∂2R
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=

∂

∂σ
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ε0
∂2R

∂t2
= ŝ

∂T

∂σ
+ T

∂ŝ
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− ε0 g ẑ . 3756
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= ŝ

1
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∂
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∣∣∣∂R
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