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"�� �i���T%��� �� �� �� 9��<!�� B� 0� �� 8"�J� ����� :)&�0E9� �X����"
�� 9��<!�� B� 0� �� 8"�J� 
�+�5 �:���5 >��� �>�� 
�, :4Q� ���*�� :& �� S;� �" ()� :);�!� dE
>��� ��,�� 
�, >��H �S;� �" ()� :j�N �0S�  "�J* >8�R �" � 
��� �i���T %��� �� ��� (�� ��
�>�� '����5 ���*�� :& �� S;� �" ()� �� 9�8�R �" �� '�<!�� ()<& B0� �� 8"�J� >��A� �" � �:���5
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?� 4, �� �,�� 
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�)X�� :� E 
� "�& ] �� x �0Q� �� >�� 9�8�R �" :)�,0� :Em
'5 � >�� '�<!��  � 0D �� R�� '� �� �� 9;�� %� �� >� P!� a>��H �'5 �" �� ��,�� 
"�& :� <)�9� ��S;�
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��� �)T0* (�� �" �:)��9� 
"����� 
V���	^ �� )T0* �� �>�� 
�,
x0@ '�<!�� O�;� ����Z� (������� � :)��9�  �P�" �� O�;� '5 >� ��R � :���e	9� L!W�� ���5
����� �)� �� 9*���Z� 
��+��" �:���e	9� L!W�� σ �� �� '�<!�� 
� �� O�;� �8��!� (�� �" �"0,9<�
 � 0D "� ����� �" [� x �0Q� � >�� '�<!�� �� ?;�!� �� :��)	9� �i� �" 
�J� �� 
�s� �" '�<!��
�� 
���@ >� ��R :)&�0E9� �>�� x(σ) = σ �X��� �" �e8 �"��" ���N σ ��0Q� >A� �" 9�J� �'�<!��
�R0 = (σ, 0, 0) %��4� ���"�� � >�� ε0 ���@ (��  � 0D �R�� K� �� �:)�� 9���� �� dx  � 0D �� '�<!��

��, �&�0E 
V���	^ �� )T0* �" '5 '� �4� ���"�� �:���5 �" '��0� �� �� '�<!�� 9�N�

R = (σ + ξ, η, ζ). 316

�X)�� �"

δR =

∣∣∣∂R
∂σ

∣∣∣ dσ. 326

��� >�� ����� '��0� ��X)�� �" '�<!�� �� dx ���@  � 0D ��))c* �e8∣∣∣∂R
∂σ

∣∣∣ dσ − dx, 336
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��� >�� ����� �:)�� �P��Q� �� ���@ (�� 9� P!�  0D �))c* �	� ��∣∣∣∂R
∂σ

∣∣∣ dσ
dx

− 1 =

∣∣∣∂R
∂x

∣∣∣− 1. 346

dx :�"��9� 9���� �� �� '�<!�� �� 
���@  � 0D �:�"0� 
"���)� �" '��0� �� �� '�<!�� �0�& �� 9�N�
�R�� K��� 
"�� ��). �))c*

∣∣∣∂R
∂σ

∣∣∣ dσ �� ���@ '5  0D �'��0� �H� �" �� ^�R "0� ε0 %80D �R�� K� �� �
�"0,9� �P��Q� ��� a�0T �� ε0 �� ε ��S��� �� �, �&�0E ε ��G�� � "0,9� x0@ �)� %80D

ε0 dx = ε

∣∣∣∂R
∂σ

∣∣∣ dσ , 356

ε0 = ε
∣∣∣∂R
∂σ

∣∣∣ dσ
dx

, 366

ε0 = ε

∣∣∣∂R
∂x

∣∣∣ , 376

�X)�� �"

ε =
ε0∣∣∣∂R
∂x

∣∣∣ . 386
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��)�
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l0

, 396

 �R �" ���@  0D l0 � ���@  0D �))c*�l �'�<!�� Y� S;� FS� A �g���  � ���$ Q ��S��� (�� �" ��
����9� �))c* '�<!��  0D �" �)� � �)� (�� 
������ �>A� �))c* �� 
��@ �'��0� K�+�& �>��  "�J*
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a� �0�� �� '��0� ()R �" '�<!�� %� �� 
��)� (������� �
∣∣∣∂R
∂x

∣∣∣− 1 ��,

T = T0 +QA
(∣∣∣∂R
∂x

∣∣∣− 1
)
, 3106

��, �&�0E T = T0 (������� �
∣∣∣∂R
∂x

∣∣∣ = 1 � "�J* >8�R �" �� ���9� u�T O�, (�� �" � :)!�0�9�
�:)��9� ���J* ��� a��P@ �� �� '�<!�� �� U�<� ��4� ��"��
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∣∣∣ . 3116
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∂
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∂T
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∂ŝ
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�:���" �S��� (�� �" T 
� ��e+��� ��

ε0
∂2R

∂t2
= ŝ

1

ε0

∂T0

∂σ
+ ŝ

QA

ε0

∂

∂σ

∣∣∣∂R
∂x
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ε0
− QA

ε0
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∂ŝ

∂σ
+
QA

ε0

∣∣∣∂R
∂x

∣∣∣ ∂ŝ
∂σ

, 3146

�:���" ŝ �� ��J* �� � ∂T0

∂σ
= 0

∂

∂σ

∣∣∣∂R
∂x

∣∣∣ ŝ =
∂2R

∂σ2
−
∣∣∣∂R
∂x

∣∣∣ ∂ŝ
∂σ

, 3156
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cl
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QA

ε0
, ct

2 :=
T0

ε0
, 3166

�:���" 3146 �� 8"�J� �"

∂2R

∂t2
= cl

2 ∂
2R

∂σ2
+
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ct

2 − cl
2
) ∂ŝ

∂σ
. 3176
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�&��� ��|�>�� 
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9� G�@ B0� >@�� '�<& v '5 �" ��
(
∂2y

∂t2
= v2 ∂

2y

∂x2

)
%J*�� ���* 9� G�@ B� 0� �� 8"�J� �� �8"�J� (��

:& � 9G�@ B0� >@�� :& �� "��" 
� 
�){). ?4, �8"�J� (�� �"��" u�� >�� 3 ct 9�J� 6 ��*
'��0� -� :)��9� 9J� ��8"�J� (�� '� �, �* U0<#� 
��� �>�� 
�, �&�� '5 �" 980D B0� >@��
�:)�� ��� :& �� 9��AP��;* �" �� 9G�@ � 980D B0� a^"�J� � :��)+� �i� �" '�<!�� �" �� -W0�
ŝ �� ��J* �" R 
��e+��� �� �:)��9� 
��e+��� 3176 B� 0� �� 8"�J� �" �� R = (σ + ξ, η, ζ) (�������

�:���"
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1 +

∂ξ

∂σ
,
∂η

∂σ
,
∂ζ

∂σ

)
√(

1 +
∂ξ

∂σ

)2

+
(
∂η

∂σ

)2

+
(
∂ζ

∂σ

)2
. 3186
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ŝ �
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∂ξ

∂σ
,
∂η

∂σ
,
∂ζ

∂σ

) [
1 − ∂ξ

∂σ

]
. 3196

:)�� �i���T �*^�� �� P*� a�<� �� �r�s#T�R (�� �� P��Q� �" �	� ��

ŝ �
(
1,

∂η

∂σ
,
∂ζ

∂σ

)
. 3206

�� >!*��P@ '�4� �� >P!� ŝ  � �� �� P*�� q� ���

∂ŝ

∂σ
=

(
0,

∂2η

∂σ2
,
∂2ζ

∂σ2

)
. 3216

�� >������� '��� �� >P!� R  � �� �� P*�� q� ���

∂R

∂t
=
(
∂ξ

∂t
,
∂η

∂t
,
∂ζ

∂t

)
. 3226

�� >������� '��� �� >P!� a��P@ (�� K� �" �� P*�� q� ���

∂2R

∂t2
=

(
∂2ξ

∂t2
,
∂2η

∂t2
,
∂2ζ

∂t2

)
. 3236

�� >!*��P@ '�4� �� >P!� R K��" �� P*�� q� ���

∂2R

∂σ2
=

(
∂2ξ

∂σ2
,
∂2η

∂σ2
,
∂2ζ

∂σ2

)
. 3246

z � y �x 9� ��4� 
�&��8 0� � '� "�� ��� � 3176 B� 0� �� 8"�J� �"
∂2R

∂σ2
� ∂

2R

∂t2
� ∂ŝ
∂σ

d� ��� � 
� ��e+��� ��
��� ��*��P@ �� :)��9� B0� �� 8"�J� �� ��

∂2ξ

∂t2
= cl

2 ∂
2ξ

∂σ2
, 3256

�" ()� x �0Q� "����� �" �� '�<!�� �	� 9�J� �>�� x �0Q� >� A� �" �'�<!�� 9� 80D B� 0� �� 8"�J� ��

��� ?M� ���5 6 :)�� "��� 
� ���G �'�<!��  � 0D >A� �" '5 YS;� FS� �� � :),�� ��!� �S;�
(�� :�0, '5 �" 980D 9,�J*�� LP� � 3 "0,9� d!P�� � oP;�� %80D >A� �" �� �)�� �0�*

�"0,9� ����� '�<!��  0D �" cl >@�� �� 9�0� �� 8"�J� ()�W >� Q* [�J*��
��� >!*��P@ a^"�J� �� �+�" 94�

∂2η

∂t2
= ct

2 ∂
2η

∂σ2
, 3266

()� x �0Q� "����� �" �� '�<!�� �	� 9�J� �>�� y �0Q� >� A� �" �'�<!�� 9� G�@ B� 0� �� 8"�J� (�� ��
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�� >!*��P@ �8"�J� (��E5 �

∂2ζ

∂t2
= ct

2 ∂
2ζ

∂σ2
, 3276

()� x �0Q� "����� �" �� '�<!�� �	� 9�J� �>�� z �0Q� >� A� �" �'�<!�� 9� G�@ B� 0� �� 8"�J� (�� ��
%J*�� �� '5 � :)�� "��� 
� ���G z >A� �" '�<!�� �� 
� �S;� �� /b� � :),�� ��!� �S;� �"

�"0,9� ����� ct >@�� �� xz ��Q�T �" '�<!�� �" 
� 9G�@ B� 0� :����
B� 0� >� @�� �" �& ��W "0P� FG�� �� 3176 
��){). B� 0� �� 8"�J� �� �� "0,9� 
�&��� L)*�* (�� ��
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98� "�� B��Z��� ���	��� �� 980D B� 0� � 9G�@ B� 0� 
� ��,5 � 
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�&�� 3176 �� 8"�J� �" 
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�, ��!� �S;� �" ()� z �0Q� "����� �" :j�N �0S� �� �� 
������ '� �<!�� B0� �� 8"�J� :)&�0E9� ^�R

"����� %J*�� '� �<!�� >��R 9� ���� 
��� 
V���	^ �)T0* �� �)� >8�R (�� �" �:���5 >��� �>��
�%Z� (�� �" �z(σ) = σ �X��� �" � :)��9� 
��e	 L!W�� σ �� �� '�<!�� 
�� O�;� �:)��9�
'� �<!�� "� ��5  0D �	� �:��)	9� �i� �" ()��. �� � � �σ 
��e	L!W�� >� A� '0{<& ��� z ��0Q� >� A�
�" � :�� 
"�" ���N �)� 
�� �� '�<!�� �4)�8�R ?M� 6 :��)	9� �i� �" '�� 9� ���5 �� 9�8�R �" :j�N
��S;� (��*^�� �:)�� x�� ()��. �� � � �� σ ��0Q� >A� � �,�� L0 �3 �>�� >)<&� 9� '5 '�� �X)��
�#�Z� 
�& σ �� �)� �� '�<!�� O�;� �� );� � σ = L0 �� �� [� �S;� (����)��. � σ = 0 �� �� '�<!��
9*���Z� 
�+��" �	� �:��)	9� �i� �" ε0 �� '�<!��  � 0D �R�� K� �� >8�R (�� �" �:���e	9� L!W��
(�� �� z �0Q� � >�� '�<!�� �� ?;�!� �� :��)+� �i� �" 
�J� �� 
�s� �" '�<!�� (�� ����� ��
"� ��5  0D �� '�<!�� �� 
���@ >��R :)&�0E9� :)�� x�� σ ��0Q� >A� �" �� a���Z� 
�+��"

����� �� %80D � :)&" ���N �)� 
�� �� '5 �� M� :)�� x�� '�� 9� �� '�<!�� 9�J� "��5  0D 6 dσ
>�� dz �:��)+� �i� �" �)� �� '�<!�� '� �� �4)*�0T �" ���@ (�� �� )8��  0D �:)�� 9���� �� 3 �:��)+�
��S;� (��*^�� ����Z� �� >�� a�0T (��� :)��0Z� z �0Q� 
�� �� �� '�<!�� O�;� a���Z� �	� �
�)� 
�� �� '�<!�� �4)�8�R �" 9�J� >�� z = L �'5 ��S;� (����)��. ����Z� � >�� z = 0 �'�<!��
�:�"0� ����	 
����� �� ["��5  � 0D � "0� >)<&� 9� %�"0P� �� '"0� ������ �X)�� �" �� :�"0� 
"�" ���N
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�&"9�  0D �� ))c* �%��� �� )H�� * �� X)�� �" :�"�� '����5 :j�N �0S� �� '�<!�� �4)�N� � "0� σ = L0


�+��" 
�� �� %*���Z� �:�"0� 
"�� wZ�� σ = L0 L� !W�� �� �� '�<!�� �� S;� (����)��. �
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a� �0�� �� '��0� ()R �" '�<!�� %� �� 
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∂
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∂ŝ
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ŝ =
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∂ξ

∂σ
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∂η

∂σ
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∂σ
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%J*�� �� '5 � :)�� "��� 
� ���G z >A� �" '�<!�� Y� S;� FS� �� /b� � :),�� ��!� �S;� �"

�"0,9� ����� cl >@�� �� '�<!�� "� ����� �" 
� 980D B� 0� :����
B� 0� �� 8"�J� �>�� -W0� 9#)E �A���0� �� ���" �� L��;* �� 9��&�P*�� �" :)�!��0* L)*�* (�� ��
�� 
"��0� �" 98� :)�� B��Z��� 3526 
��){). �&�� �� B� 0� �� 8"�J� �� �� 980D B� 0� �� 8"�J� � 9G�@

���0,9� �&�� 3526 �� 8"�J� �" 
�, >�� a� �0�� �8"�J� �" (�� �,�P� -W0� �A���0� �� ���"

���7	� 5�J *+� �� 
�K��@ �"��	�� 
" ��A�� L
�" ���*�� :& �� S;� �" ()� 
�)X�� :� Em ?4, �� �� �� 
������ '� �<!�� B0� �� 8"�J� :)&�0E9� ^�R
>8�R (�� �" �:��)	9� ^�� �� � � �� z ��0Q� >� A� �%Z� (�� �" �:)�� �P��Q� >�� '����5 xz ��Q�T
'�<!�� �4)�8�R �" 9�J� �:)��9� 
"����� %J*�� '� �<!�� >��R 9� ���� 
��� 
V���	^ �)T0* �� �)�

�AP!W�� �� �� '�<!�� 
�� �� #�Z� O�;� �>�� >)<&� 9� %��� �X)�� �" � :�� 
"�" ���N �)� 
�� ��
ε0 �'�<!��  � 0D �R�� K� �� >8�R (�� �" �:)��9�  �P�" �� O�;� (�� a���R � :)��9�wZ�� σ
���*�� :& �� S;� �" ()� �� '�<!�� (�� ^�R �:���" z(σ) � x(σ) 9�J� ���!& σ �� 9J��* z � x �>��
�� 8"�J� 9*��P@ �� �� 
�)X�� :� Em �� 8"�J� '�<& �'�<!�� :� Em �� 8"�J� >8�R (�� �" �� :)��9� '����5
�R�� K� �� �:�� ��E�!� %J*�� �� '�<!�� �0�& ��  "�J* >8�R �" �>�� z = a

[
cosh

(
x

a

)
− 1
]

'�<!�� �� 
���@ >��R :)&�0E9� �>�� �)c�� '�<!��  � 0D �" �'�� 
��)� �)H��* ��S��� �� %80D
(�� �� )8��  0D �:)�� 9���� �� 3 �:)��x�� '�� '��� �� '�<!�� 9�J� "��5  0D 6 dσ "� ��5  0D ��
�&�0E ds �'�� 
��)� �)H��* ��S��� �� :)�� '����5 ���*�� :& ��S;� �" ()� �� '�<!�� �4)*�0T �" ���@
["��5 >� 8�R K��� �	� � >�� R0 = (x(σ), 0, z(σ)) �
V���	^ �)T0* �" ds ����@ '� �4� ���"�� ��,

K�� 
�;� '0��N qPD ��P8� �� >�� ε(s) ds%��� �:�"�� '����5 �� '�<!�� �� ^�R 
"0� ε0 dσ

ε(s) ds = ε0 dσ , 3626

�X)�� �" �

IN
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1

ε0

∂T0

∂σ
+ ŝ
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∂

∂σ

∣∣∣∂R
∂s

∣∣∣ =
∂

∂σ

(
∂R

∂s

)
. 3776

ŝ
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