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� � < & 
� 9 � ,�":�W � ��� ; � � 	� �>�� wZ�� 9< � ��0 � � : � ! ) � - � � > 8� R � � �0 	9 �
�� x�� (�� �� ��,�� wZ�� 9<���0� � :�!)� '5 �� ������ ��a� a�P�#)& 
� �s� 
� �&��e.�&���
39;);R 
� �&L��G ��6 >�� 9SE �&��e.�&��� �� >P!� �&��e.�&��� 
� 9�,�":�W � ���;�

� �s� �" 9�)���� � �	?<@ -� � � 9<� ��0� � :�!)� �& � >8�R :)&"9� '��� � :)��9� ���,

�"0,9� wZ�� :�!)� '5 �� ������ ��a� a�P�#)&
:)��9� ���J* �>�� 9SE � >,�+� -� O �)�� x��

Re(O) :=
1

2
(O† +O),

Im(O) :=
i

2
(O† −O). 316

� ��� 9�)���� Im(O) � Re(O) �� >�� (,��

O = Re(O) + i Im(O). 326

�:)��9� ���J* ?4, (�� �� �� O 
� 9�,�":�W � ���;�

〈O〉 := 〈Re(O)〉 + i 〈Im(O)〉. 336

�	'5 ���,�� 9SE � >,�+� �" O2 � O1 �	� ����J* (�� �� "0,9� ��" 9	"����

〈O1 +O2〉 = 〈O1〉 + 〈O2〉, 346

�	'5 ��,�� d#�Z� � "�@ -� α � 9SE � >,�+� -� O �	� �

〈αO〉 = α 〈O〉. 356

:)��9� ���J* �>�� �a� a�P�#)& 
� �s� � ��X�&>��� 
� ���. -� {ei | i} �)�� x��

ρk j := 〈ej e
†
k〉, 366

�� �� ρ 
� 9SE � >,�+� ��'5 �� �

ρ := ρj k e
j † ek 376
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�>�� {ei | i} � '�	�" 
� ���. {ei | i} �� �:)��9� ���J*

ek ej = δk
j . 386

�� O 
� 9SE � >,�+� 
� 9!��*�� 
� �&���@

O =: Oj k ej e
†
k 396

"0,9� �X)�� 366 � �S��� (�� �� ���0,9� ���J*

〈O〉 = Oj k ρk j . 3106

:���" ���

tr(O ρ) = Oj k ρl m tr(ej e
†
k e

l † em),

= Oj k ρk j . 3116

"0,9� K0#J� 3106 �� �S��� (�� 
� �!��;� ��

〈O〉 = tr(Oρ). 3126

�� 3106 �� YN�� �" �>�� wZ�� 
 ��e.�&��� �& 
� 9�,�":�W � ���;� �ρ � '"0�wZ�� �� /.

� �s� �" 9SE � >,�+� -� �� 9<���0� � :�!)� �& � >8�R �L)*�* (�� �� ���59� >�" �� 3126
3126 �� ����0	9� 98�+W � /��*�� >,�+� (�� �� �"0,9� wZ�� :�!)� '5 �� ������ ��a� a�P�#)&

� 9�,�":�W � ���;�6 >�� '��-� 3�a� a�P�#)& 
� �s� -� ��6 :�!)� �" � >8�R �� >�� (,��
:�!)��" (�� �� ������ 
� 98�+W/� ��*�� �	� �A�* � �	� �3>�� ����� �)i� �� �)i� '���� �&��e.�&���

��,�� '��-�
336 �� � ��(�� �� �>�� 9;);R 3��e.�&��� -�6 9�)���� � >,�+� -� 
� 9�,�":�W � ���;�

"0,9� �X)��

〈O†〉 = 〈O〉, 3136

�366 �� "����� �� �

ρk j = ρj k, 3146

�>�� 9�)���� 98�+W � /��*�� �&"9� '��� ��
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O �� �O2 � ?4, �� 9� �&��e.�&��� 9�J�6 
��eX� 
� �&��e.�&��� 
� 9�,�":�W � ���;�
�� Prv � >,�+� ��,�� a�P�#)& 
� �s� �" ��T�� � ��"�� -� v �	� �>�� 9����� 3>�� ��e.�&��� -�

� ���J*

Prv :=
1

〈v, v〉 v v
† 3156

�� "0,9� ��" 9	"���� YN�� �" �>�� �0� (�� ��

Prv Prv = Prv, 3166

� �>�� %�4�� Prv 9�J�

Pr†v = Prv. 3176

�>�� 
��eX� 
 ��e.�&��� Prv '0W

tr(Prv ρ) ≥ 0. 3186

:���" ���

tr(Prv ρ) =
〈v, ρ v〉
〈v, v〉 . 3196

�v � ��"�� �& 
� ��� �� "0,9� �X)�� ��(�� ��

〈v, ρ v〉 ≥ 0. 3206

�>�� ()J��� P, � >PM� 98�+W � /��*�� 9�J�
�/. �>�� -� 9��<& � >,�+� 
� 9�,�":�W � ���;� �K�X����

tr(ρ) = 1. 3216

�� (�� � x�� �� �:)�� �T�E

�39;);R 
� �&L��G ��6 >�� 9SE �&��e.�&��� �� >P!� 9�,�":�W � ���;� 1

�>�� 9;);R �&��e.�&��� 
� 9�,�":�W � ���;� 2

�>�� 9����� 
��eX� 
� �&��e.�&��� 
� 9�,�":�W � ���;� 3

�>�� -� 9��<& 
� 9�,�":�W � ���;� 4

-� 98�+W � /��*�� � 2"0,9� wZ�� 98�+W � /��*�� -� �� :�!)� �& � >8�R "0,9� �X)��
�>�� -� � "� �� ()J��� P, � >PM� 
� 9�)���� � >,�+�
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�� �� >,�+� (�� 
� �&���;�V�� �"��" ?��� � �)D /. �>�� 9�)���� 
 >,�+� 98�+W � /��*��

� "� � ()J��� P, � >PM� 98�+W � /��*�� �� (�� �� �:)&"9� '��� Di �� �� λi 
� 9	���	��W � ��& λi

"0,9� �X)�� �>�� -� '5

∀ i : 0 ≤ λi ≤ 1,

∑
i

Di λi = 1. 3226

>8�R '5 �� ������ 
� 98�+W/� ��*�� 
� �&���;�V�� �	� �>�� w8�E :�!)� -� � >8�R :)�0	9�
>8�R (�� �" �� "0,9� ��" 9	"���� ��,�� ���+� -� � ���;�V�� � ���,�� ��T � -�

ρ = Prv, 3236

��,�� ���N�� 3236 �	� �� >�� (,�� �/4@ �� �>�� -� � ���;�V�� �� ������ ρ � ��"��V�� v ��
�	� �>�� v :& '5 �� ������ � ��"��V�� � �>�� -� 
� 9	���	��W �� -� ρ � ��T�� � ���;�V���A�*

� >8�R � ���J* (�� ��P8� �>�� O0#Z� :�!)� '5 � >8�R :)�0	9� ��,�P� w8�E :�!)� -� � >8�R
��&"9<� O��E� 
� ���" �� 9<� 
 ��)J� �O0#Z� � w8�E


� �s� -� �� 70	 
� �@0<X���� -� [�m ����" �� ���)+� �i� �" �� f � ���;�9;);R � Y�� *

� 9����� � 9;);R 
� �&"�@ ��,� �& 
� ��� �� �	� �>�� ��� Y��* (�� :)�0	9� �>�� 9;);R 
� 9SE

���� f 
� ����" � 0s@ � ���<�� �& xi �� xi 
� ��,� �& � �-� � �0<X� �� αi

f

(∑
i

αi xi

)
≥
∑

i

αi f(xi). 3246

�� �,� � '5 3246 �" 
��!* 
� 
���N� � 
� �� � 9��� � K�^ � O�, �	� �>�� ��� ���)�� f :) �0	9�
���,�� ��T �);� � �,�� -� �& αi �� 
 -�

�� �>�� [0, 1] 
� ����" �� ������)�� � Y��* -� f �)�� x��

f(0) = 0. 3256

�� >�� (,�� a�0T (�� �"

(0 ≤ λ ≤ 1) ⇒ f(λ) ≥ λf(1), 3266
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��,�� -� �� ��T λ �� >�� ���N�� 
 >N� �A�* � 
 >N� 
��!* �
Di � �� �� '5 3� � �� < � �6 
� � &��� ; �V �� � & λi �>�� 9 8� + W � / �� *� � - � ρ � ) � � x� �

:���" �>�� λi 
� 9	���	��W

tr[f(ρ)] =
∑

i

Di f(λi),

≥
∑

i

Di λi f(1),

= f(1), 3276

-� 
� 9	���	��W �� -� ρ � ��T�� � ���;�V�� �A�* �� >�� ���N�� 
 >N� �A�* � 
 >N� 
��!* �

� ���J* �� �()�W:& ��,��

D :=
∑

i

Di, 3286

:���" 3>�� �a� a�P�#)& 
� �s� � �J�$ D6

1

D
tr[f(ρ)] =

∑
i

Di

D
f(λi),

≤ f

(∑
i

Di

D
λi

)
,

= f
(

1

D

)
, 3296

D−1 �� ����� ��6 �,�� ��,�" ���;�V�� -� d;� ρ �� >�� ���N�� 
 '��� d;� � 
 '��� 
��!* �
�3>��

� / �� *� � ρ � �"�m�59 � � � �� 3256 � � �,� � [0, 1] 
� � � ��" � � �� ���� ) �� � Y �� * - � f � 	� / .
��,�� :�!)� -� �� ������ 
� 98�+W

tr[f(ρ)] ≥ f(1), 3306

�()�W:& ��,�� w8�E :�!)� � >8�R �� >�� ���N�� 
 >N� d;� � 
 >N� 
��!* �

tr[f(ρ)] ≤ Df
(

1

D

)
, 3316

��,�� -� �� L����� 98�+W � /��*�� �� >�� ���N�� 
 >N� d;� � 
 >N� 
��!* �
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�"�� ���J* 3sf6 O��E� 
� ���" -� "0,9� ^�� 
� �&9	V�� �� f �& �� ������

sf := tr[f(ρ)] − f(1). 3326

�� >�� '5 >8�R (�� *O0#Z� �>�� � *O0#Z� :�!)� � >8�R ��,� � � *=�� � "�@ (�� �W �&
(,�� ��,�� ��T sf �	� �A�* � �	� >�� w8�E :�!)� � >8�R ��,�� -� �� L����� 98�+W � /��*��
������� 9	��!� f �� w8�E 
� �&>8�R � >8�R (��*O0#Z� ��� �"��" 9	��!� f �� ��)J� (�� �� >��

�9#� � �0D��

0 ≤ sf ≤ Df
(

1

D

)
− f(1), 3336

� Y��* f 
� ���  0<J� � r�Z��� -� �>8�R (��*O0#Z� � w8�E 
� �&>8�R �� ��� ������ �R�" ��
�>�� 3S6 9.����

S(x) := −x ln x. 3346

:���" � ���� ��T S(1) � S(0)

0 ≤ sS ≤ D lnD. 3356

�X)�� /. �>�� ���N�� v � ��T�� � ��"�� -� 
� ��� �� 3236 ��,�� w8�E 
 :�!)� � >8�R �	�
�O � ��e.�&��� �& 
� ��� �� "0,9�

〈O〉 =
〈v,O v〉
〈v, v〉 . 3366

-� �� 
 :�!)�()�W � >8�R YN�� �" �"�� wZ�� :& v � ��"�� �� "0,9� �� :�!)� � >8�R 9�J� (��
�"0,9� wZ�� �a� a�P�#)& 
� �s� 
� 
�J�$-� 
� 9SE 
� �s����

:���" ��,�� O0#Z� :�!)� � >8�R �	�

ρ =
∑

i

λi
vi v

†
i

〈v, v〉 , 3376

���� ������ 
� �&���;�V�� �& λi � �3ρ6 :�!)� 
� 98�+W � /��*�� 3� ���J��6 
� �&��"��V�� �& vi ��
�L)*�* (�� ��

〈O〉 =
∑

i

λi
〈vi, O vi〉
〈vi, vi〉 . 3386

�� �
� �� (���W �� ?4��� ��� 
 :�!)� 
� 9�,�":�W 
� �&���;� � �)P, 9�,�":�W 
� �&���;� (��
��&"9� ?)4�* �� :�!)� �� λi � �!� � >�� vi � ��"�� �� ������ � w8�E � >8�R �" K $i � 
� ��

JL



� w8�E � >8�R �" K $i � 
� �� �� �,�� �, ��E�� 
� �� (���W �� 
 :�!)� �	� �/4@ ��

� ��e.�&��� 
� 9�,�":�W � ���;� �	'5 �"��!� �� :�!)� �� λi � �!� � �,�� vi � ��"�� �� ������
�� :���" ��0* �>�� 3376 � ?4, �� :�!)� 
� 98�+W � /��*�� /. ���59� >�" �� 3386 �� O
-� �� �*=����� � �9����� �9;);R �& λi �� ()<& ���,�� ���J�� �& vi >!)� K�^ >8�R (�� �"
��,�� ��,�" �� 98�+W � /��*�� 
� �&9	V�� 3376 �" ρ �� >�� 9��� �,�� -� '�,� �0<X� � ��,��
�� ρ � ���J* ����!)� ρ 
� �&���;�V�� �& λi � �&��"��V�� �& vi �+�" ���,�P� ���J�� �& vi �	� ��P8�
�" %�m ���� �� >��	 :�!)� -� 
� 98�+W � /��*�� � ���J* � ���, 
� �S;� �,9� �� 3376 � ?4,

�>!)� �*-� 3376 � ?4, �� ρ � (�,0� ���,�P� ���J�� �& vi �	� ���<G ���� w8�E 
� �&>8�R

X��$ 3

� ���, 3�0Z� " 
� �& vi ��6 3376 �� �� >�� (�� �� -� �:�!)� � >8�R �  0Q* 
� 9���� 
� ���

� �8"�J� �� '5 � >8�R 
� ����wZ�� � ��"�� ��,�� w8�E 
 :�!)� � >8�R �	� �� :)�� ��0*

�����9�  0Q* �b� �+� ��"�$,�

v(t0) → v(t) = U(t, t0) v(t0), 3396

�>�� t � '��� �* t0 � '��� ��  0Q* 
� 9��4� � �	?<@ U(t, t0) � t � '��� �" :�!)� � >8�R v(t) ��
�>,0� 9#)!�����" � ?4, �� "0,9� �� ^�� 
� �S���

i�
dv(t)

dt
= H(t) v(t), 3406

�>�� :�!)� 
� 9��#)<& H ��

i�
∂U(t, t0)

∂t
= H(t)U(t, t0). 3416

"0,9� �X)�� 3396 � 3376 ��

ρ(t) = U(t, t0) ρ(t0)U
†(t, t0), 3426

�9#)!�����" � ?4, �� ��

i�
dρ(t)

dt
= [H(t), ρ(t)]. 3436

�&>8�R 
� 98�+W � ?��� 
� 9���� � q��� �-)��� � -)��4� �" �� "�� ���, ��(�� �� :& "0,9�
�" 98�+W � /��*�� �� >�� '5 -)��4�:���0� �" a��P@ (�� 
� �<��* �>�� ��T ��� 
� �s� �"

JM



�>�� >��H �c� =���'��)&m � ��0�*

ρH(t) = ρH(t0). 3446

:���" ���

ρH(t) := U†(t, t0) ρ(t)U(t, t0). 3456

�"0,9� �X)�� 3426 
� �S��� 3456 � 3446 � L)��* ��
����9<� x0@ �� O��E� 
� ���" :�!)� �  0Q* "0,9� ��" 9	"�� ��

tr{f [ρ(t)]} = tr{f [U(t, t0) ρ(t0)U
†(t, t0)]},

= tr{U(t, t0) f [ρ(t0)]U
†(t, t0)},

= tr{f [ρ(t0]}. 3466

47�� 4

�O � ��e.�&��� � %X�� �" �:)��9� ���, ρ 
� ��� 3�0Z� " 
� �& vi ��6 3376 � ?4, �� :& ���

�  �<�R� �� "0,9� wZ�� vi � ��"�� �� �� :�!)� �� 
 %Z�

Pa i :=
〈vi,Pra vi〉
〈vi, vi〉 3476

� >8�R ��

va i := Pra vi 3486

��(�� �" �"��9�

O =
∑

a

oa Pra, 3496

�>�� oa � ���;�V�� �� ������ O 
� �s�V�� �� %�4�� Pra � ���� O � ���<�� 
� �&���;�V�� �& oa ��
:���"

Pr†a = Pra,

Pra Prb = δa b Pra,

KN



∑
a

Pra = 1. 3506

� /��*�� �>�� va i � >8�R �" :�!)� �� Pa i λi � �!� �%X�� �� /. "0,9� K0#J� L)*�* (�� ��
"0,9� �X)�� �:)&"9� '��� ρ′ �� �� %X�� �� /. 98�+W

ρ′ =
∑
a i

Pa i λi
va i v

†
a i

〈va,i, va i〉 ,

=
∑
a,i

λi
Pra vi v

†
i Pra

〈vi, vi〉 , 3516

��

ρ′ =
∑

a

Pra ρPra. 3526

� ���<�� 
� �&���;�V�� �& λj �)�� x�� �:)��9� 9���� �� :�!)� � O��E� 
� ���" �� %X�� � �H�
:���" �>�� Dj � ����� λj � ���;�V�� �� ������ ρ 
� �s�V�� � �J�$ � ���� ρ

tr[f(ρ)] =
∑

j

Dj f(λj). 3536

�� >�� (,��

ρ =
∑

j

λj Prj , 3546

�����" �� �&9	V�� (�� �&%�4�� (�� �>�� λj � ���;�V�� �� ������ ρ 
� �s�V�� �� %�4�� Prj ��

Pr†j = Prj ,

Prj Prk = δj k Prj ,

tr(Prj) = Dj∑
j

Prj = 1. 3556

-� f �)��x�� ���� ρ′ � ��"��V�� '5 
� �s@� �� :��)	9� ��X�&>��� 
� ���. -� �� {e′k | k}
:���" �>�� �, ���J* [0, 1] �" �� >�� ������)�� � Y��*

tr[f(ρ′)] =
∑

k

f
(
〈e′k, ρ′ e′k〉

)
,

K�



=
∑

k

f

(∑
a,j

〈e′k,Pra Prj Pra e
′
k〉λj

)
,

≥
∑
k,a,j

〈e′k,Pra Prj Pra e
′
k〉 f(λj),

=
∑
a,j

tr(Pra Prj Pra) f(λj),

=
∑

j

Dj f(λj), 3566

���'5 �� �

tr[f(ρ′)] ≥ tr[f(ρ)]. 3576

�� �, "����� (�� �� 3566 �"

〈e′k,Pra Prj Pra e
′
k〉 = 〈Prj Pra e

′
k,Prj Pra e

′
k〉,

≥ 0, 3586

�
∑
a,j

〈e′k,Pra Prj Pra e
′
k〉 = 1. 3596

�	� �A�* � �	� >�� ���N�� 
��!* �3576 
� �S��� �"

∀ (j, k) :
∑

a

〈e′k,Pra Prj Pra e
′
k〉 = 0 ∨ 1. 3606

:���"

∑
a

〈e′k,Pra Prj Pra e
′
k〉 =

∑
a

〈Prj Pra e
′
k,Prj Pra e

′
k〉,

≤
∑

a

〈Pra e
′
k,Pra e

′
k〉,

=
∑

a

〈e′k,Pra e
′
k〉,

K�



= 〈e′k, e′k〉,
= 1, 3616

�� >�� ���N�� 
 '��� d;� � 
 '��� 
��!* �

∀ a : Prj Pra e
′
k = Pra e

′
k. 3626

��+�" 
� 0� ��
∑

a

〈e′k,Pra Prj Pra e
′
k〉 ≥ 0, 3636

�� >�� ���N�� 
 '��� d;� � 
 '��� 
��!* �

∀ a : Prj Pra e
′
k = 0. 3646

9�J� (��

∑
a

〈e′k,Pra Prj Pra e
′
k〉 = 1 ⇔ (∀ a : Prj Pra e

′
k = Pra e

′
k),

∑
a

〈e′k,Pra Prj Pra e
′
k〉 = 0 ⇔ (∀ a : Prj Pra e

′
k = 0). 3656

�a 
� �� >��� � f�D 
� �&a��P@ '"�Y<� ��

∑
a

〈e′k,Pra Prj Pra e
′
k〉 = 1 ⇒ Prj e

′
k = e′k,

∑
a

〈e′k,Pra Prj Pra e
′
k〉 = 0 ⇒ Prj e

′
k = 0. 3666

"0,9� �X)�� 3666 � 3656 ��

∑
a

〈e′k,Pra Prj Pra e
′
k〉 = 0 ∨ 1 ⇒ (∀ a : Prj Pra e

′
k = Pra Prj e

′
k). 3676

�/.

(
∀ k :

∑
a

〈e′k,Pra Prj Pra e
′
k〉 = 0 ∨ 1

)
⇒ (∀ a : Prj Pra = Pra Prj). 3686

�	� >�� ���N�� 
��!* 3576 �" �L)*�* (�� ��
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∀ (a, j) : Prj Pra = Pra Prj . 3696

3696 �	� ���<G �>�� ���N�� 
��!* 3576 �" � ��� ����� ρ � ρ′ ��,�� >��" 3696 �	� �� >�� (,��
>��" 3696 ���0, ������ :& �� ρ � O �	� �/4@ �� � ��0,9� ������ :& �� ρ � O ��,�� >��"
�" �� �,�� ������)�� � Y��* -� f �	� �� (�� �X)�� �3>�� ρ � Y��* Prj � O � Y��* Pra '0W6 >��

�	'5 ��, ���J* [0, 1]

tr[f(ρ′)] = tr[f(ρ)] ⇔ ρ′ = ρ ⇔ [O, ρ] = 0. 3706
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