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S1 :=

∫ √
gµν

dξµ

du

dξν

du
du =

∫
ds, `3a

S2 :=

∫
1
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gµν

dξµ

du

dξν

du
du =

∫
L du. `4a
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∂ξν
+

∂gνσ
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ξ̇2 + η̇2 + ζ̇2 − ξ2 θ̇2

)
. `7a

�`ua '�:�� U�Y
� �� X
P� �: % ������A �
 2!5( %��#j��� ��;	 �I"( �X
��� �	� ��
%i (�� #e b b b ' (� ��� � �� � 5 
 ζ � η $% � +� 3�� ; � �, � 5 	
 (� � �� i (�� #e b � �$ 	�f $% � +� 3�� ; �

$ �<� �
 ζ � η $ X
P� $% �+�3��;� )��� �� �'(� 2
�? ζ̇ � η̇ � ����'( ζ � η �
 W	�Y $% �#��5

�: �
��� �Q��( �3��;� �� �	� �� �'(� η̈ = ζ̈ = 0

Γ2
µν = Γ3

µν = 0, µ, ν ∈ {0, 1, 2, 3} `8a

��



�2�� ���� ,+ θ $ X
P� $% �3��;�

d

du

(
∂L

∂θ̇
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= 0 ⇒ ξ2 θ̇ = constant. `9a
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ṫ =
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ξ2
⇒ dθ

du
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ξ2
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ξ

dξ

du

dθ

du
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dτ 2 =
[
ξ2 dθ2 − dξ2 − dη2 − dζ2

]
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=

[
ξ2

(
dθ

du

)2

−
(

dξ

du

)2

−
(

dη

du

)2

−
(

du

dθ

)2
]
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=

[
1

ξ2
− ξ̇2 − η̇2 − ζ̇2

](
du

dθ
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dτ 2 = E ξ4 dθ2 `20a
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dτ =
√

E ξ2 dθ ⇒ dτ
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=
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dξ

du
= ±

√
1− E ξ2

ξ
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dξ

dθ
=

dξ

du

du

dθ
= ±ξ

√
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dξ

dτ
=

dξ

dθ

dθ

dτ
= ±

√
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√
E ξ
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θ = ln

(
ξ0 +

√
ξ2
0 − ξ2

ξ

)
⇒ ξ =

ξ0

cosh θ
`27a

τ =
√

ξ2
0 − ξ2 ⇒ ξ =

√
ξ2
0 − τ 2 `28a
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√
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