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�� �'��? �� �?4I��1 R 8� <�A���	� � ��"�E� � 1 T�� � � �� �� ��
-� �X�  � � � 9��
"
�
�� � �'T��� )� 8� � �' �� *�4+E� �
F4� <��6��0
� �� �_�1 �?4I�� � �� <E%
%C
�� ��"�E� � ���� �� <H��81 t *��� H�	� {qi(t) | (i, t)} �� �?4I�� �� �4+E� � �
�� �' *9
4�E�
�� ����Z� �� � �4r� 9��
" )� �� ��� *9
4�E� 9��
" �� E0
��6� �� �'�
7�� �' qi �� *2"� �4r�

∀ (i, t) : Ei(t,q) = 0 <11

�' Ei � �2"� �' qi �� �� � EW� � ��I � � q *9
�4 �E� <2��C �� ����Z� �  �4r� �� ����Z�1
��� ��4+E� �
F4� S � &6� �� 9��
" )� 9
4�E� *��� H��8 � q 8� E �'EZ���

∀ (i, t,q) : Ei(t,q) = lim
t1→−∞
t2→+∞

δS[t1,t2](q)

δqi(t)
. <21

�� �B � ��+�� ��+�� �4B� t2 → +∞ � t1 → −∞  � S[t1,t2] � �C ��� *2"� q 8� EZ��� � S[t1,t2]

h2+4� <21 �� ��� � ��,��" � R0+ �4+E� 2M� H� ���� o4? �4	� � ��
��C � ��
���	�
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∀ (i, t,q) : Ei(t,q) =
δS(q)

δqi(t)
, <31

��

S := lim
t1→−∞
t2→+∞

S[t1,t2]. <41

�4	� � ��
��C � ��
���	� �� �B � ��+�� ��+��� �C t2 → +∞ � t1 → −∞  � S[t1,t2] ���
S �� EZ��� �� *9��E�  �� �� <21 � ��,��" � &�I� � � H�46? �� � <31 U� )� 8� �9' ��� o4?

*9
4�E� &6� �� EZ��� <S[t1,t2] �� EZ��� �1
�� �+�� � <H����� � 1 n ��� �2"� EZ]4� q � t 8� R � T��� 9
4�E�

∀ (t,q) : R(t,q) = R[t,q(t), . . . ,q(n)(t)]. <51

n J��2� "� �� ����� 8� �R �� EZ]4� � T��� 9
4�E� ��+��  ��M�� <51 ��� *q � 3 Dk � ��	� E6Z q(k)

*2"�
�� �+�� � L �� EZ]4� � T��� ��� �2"� EZ]4� &6� 9
4�E�

∀ (t1, t2,q) : S[t1,t2](q) =

∫ t2

t1

dt L(t,q). <61

�� �(���-�q � � ���-��� ��� �2"� EZ]4� &6� U� *9
4�E� �(���-�q ��V�� )�  � L � T��� ��
*�+�� EZ]4�

�4+E� ,�� E�,��"��
�` 4F )�  � *2"� EZ]4� � 9��
" � �� �G�6�� � &6� �
6� o�� ,1 �� � -.

∀ (t1, t2, t3) : S[t1,t3] = S[t1,t2] + S[t2,t3], <71

� <2"�  �qH��� &6�1

∀ (i, t,q) : Ei(t,q) =
δS[t1,t2](q)

δqi(t)
, t1 < t < t2 <81

*� ��� E����� t2 � t1 �� J�� � ` ��? � �. � Q�5 E6Z
9�
-� 2"� E��� �9' <81 � H� ��2"��� �� ��� *�4+E� ��
�� <61 8� &6� � H�4� �qH��� ,�
/0

�BH� 8� � �2"� �@F q(t) �� 2��� S[t2,t
′
2] � S[t′1,t1] � \� � �4+E� ,�� *t′2 > t2 � t′1 < t1

δS[t′1,t
′
2](q)

δqi(t)
=
δS[t1,t2](q)

δqi(t)
, <91

*2"� ����� 2"� � Q�5 �� 9' t′2 → +∞ � t′1 → −∞  � �. � Q�5 � �C �'�E� H�	� ��
�

��



E Λ � L �� EZ]4� �� �'T��� ��� �2"� n J��2� "� �� ����� 8� EZ]4� � &6� � 9
4�E�
�� �6+��

∀ (t1, t2,q) : S[t1,t2](q) =

∫ t2

t1

dt
[
L(t,q) +

d

dt
Λ(t,q)

]
, <101

*�+�� n J��2� "� �� ����� 8� L �
E Λ̃ � L �� �'T��� ��� �:6� � ��� �2"� n J��2� "� �� ����� 8� S �� EZ]4� � &6� ,2 �� � -.

�� �6+��

∀ (t1, t2,q) : S[t1,t2](q) = Λ̃(t2, t1,q) +

∫ t2

t1

dt L(t,q), <111

�� 2�' � m � �2"� n J��2� "� �� ����� 8� � EZ]4� L ��

∀ (t1, t2,q) : Λ̃(t2, t1,q) = Λ̃[t2,q(t2), . . . ,q
(m)(t2); t1,q(t1), . . . ,q

(m)(t1)] <121

�� <111 ,��H� ��+��  ��M�� <101 ��� ,�
/0

Λ̃[t2,q(t2), . . . ,q
(m)(t2); t1,q(t1), . . . ,q

(m)(t1)]

:= Λ[t2,q(t2), . . . ,q
(m)(t2)] − Λ[t1,q(t1), . . . ,q

(m)(t1)] <131

�4+E� ��
�� &6� � H�4� �qH��� 8� ,��H� ��+��  ��M�� <111 ��� *2"�  ��M��

∀ (t1, t2, t3,q) : Λ̃[t3,q(t3), . . . ,q
(m)(t3); t1,q(t1), . . . ,q

(m)(t1)]

= Λ̃[t2,q(t2), . . . ,q
(m)(t2); t1,q(t1), . . . ,q

(m)(t1)]

+Λ̃[t3,q(t3), . . . ,q
(m)(t3); t2,q(t2), . . . ,q

(m)(t2)]. <141

9
6� ��Z� � 9�
-� 2��! � t0 � 2"� E��� J�C

Λ[t,q(t), . . . ,q(m)(t)] := Λ̃[t,q(t), . . . ,q(m)(t); t0,q(t0), . . . ,q
(m)(t0)]. <151

*2"�  ��M�� <101 �4+E� ,��
�

8� &6� H� ,��H� �n′ > n � �+�� n J��2� "� �� ����� 8� EZ]4� � &6� � ��� �� 2"� )+� 
*2�' 9' n′ J��2� "� �� �����

` 4F )�  � *2"� n J� �2� "� �� � � �� � 8� S �� EZ]4� � &6� � 
 6 � o�� ,3 �� �  -.
� Ei E6Z1 *2"� (2n) J��2� "� �� ����� 8� � R
����@� �� ����Z� � 9��
" � 2��C �� ����Z�

�,��H� ��+�� <111 � <101 � R0+ �� S ��� <*2"� (2n) J��2� "� �� ����� 8� EZ]4� � T���

�	



∀ (i, t,q) : Ei(t,q) =
∂L

∂qi
+ (−1)

d

dt

(
∂L

∂q̇i

)
+ · · · + (−1)n

d

dt

(
∂L

∂qi (n)

)
. <161

 � Λ̃ � \� � � �<101  � (dΛ/dt) � ���-��� � \� � �4+E� ,�� *t1 < t < t2 9�
�E� ,�
/0
�U� *2"� �@F q(t) �� 2��� �<111

δS(q)

δqi(t)
=

δ

δqi(t)

∫ t2

t1

dt L(t,q). <171

8� &
 �1 <161 � 2"� � Q�5 �� �'� WIB 8� � �' *y1z �4+E� ��
 � � E�,��"� � <161 �B)� 8�

� R��+ <161 � 2"� � Q�5 U� *2"� q � 3 Dn J��2� "� � ��	� � R��+ <t �� 2��� ��
���	�
*2"� q � 3 D(2n) J��2� "� � ��	�

�

0��R� A� ��Q�: 2

� 9��
" � 2��C �� ����Z� ` 4F )�  � *2"� EZ]4� � &6� � S �
6� o�� ,4 �� � -.
�� �+�� E Λ �� EZ]4� � T��� ��� �:6� � ��� �2"� ��r�� S �� �G�6��

∀ (t1, t2,q) : S[t1,t2](q) =

∫ t2

t1

dt
d

dt
Λ(t,q). <181

�4+E� ��
�� 3 �� �
_M 8� ��+�� <181 � R0+ �� S ��� ,�
/0

∀ (i, tq) : Ei(t,q) = 0. <191

 � �4+E� ,�� <161 8� *��
-� �X�  � � n > 0 � 2��C *���  ��M�� <191 � <61 �
6� o�� �U0? ��

� ��	� � N�] U� *�4+E� �'�G q � 3 D(2n) � ��	� � ��� � H�4� x%� �q �� 2��� S � \� �
h�+�� �@F ��� �q �� 2��� S � \� �  � q � 3 D(2n)

∂2L

∂qi (n) ∂qj (n)
= 0, <201

�� �6��' � N � �' Mi �4+E� ��
�� �BH� 8� �

L(t,q) = qi (n)(t)Mi[t,q(t), . . . ,q(n−1)(t)] +N [t,q(t), . . . ,q(n−1)(t)]. <211

� 3 D(2n−1) � ��	� � ��� � H�4� x%� �q �� 2��� S � \� �  � �4+E� ,�� <161 8� �L � R0+ )� ��
h�+�� �@F ��� �q �� 2��� S � \� �  � q � 3 D(2n− 1) � ��	� � N�] U� *�4+E� �'�G q

��



∂Mi

∂qj (n−1)
− ∂Mj

∂qi (n−1)
= 0, <221

�� 2�' � M �4+E� ��
�� �BH� 8� �

Mi[t,q(t), . . . ,q(n−1)(t)] =
∂

∂qi (n−1)
M [t,q(t), . . . ,q(n−1)(t)]. <231

9 �� <211 8�

L =
dM

dt
+N +K, <241

��

K(t,q) =

[
qi (n)(t)

∂

∂qi (n−1)
− d

dt

]
M [t,q(t), . . . ,q(n−1)(t)]. <251

�� 2�' � L̃ �4+E� ��
�� �B)� 8� *2�
� q � 3 Dn � ��	� � R��+ �2"� � Q�5

L(t,q) =
d

dt
M [t,q(t), . . . ,q(n)(t)] + L̃[t,q, . . . ,q(n−1)]. <261

*��� ,��@�"� L̃ 8� L �� �B �� �4+E� �q �� 2��� S � \� � �� ��"�r�  � �4+E� ��
�� 3 �� �
_M 8�
�� 2�' EZ]4� E Λ �4+E� ��
�� n �� � ,��" �� ��%�"� � �� �N
��� )� ��

L =
dΛ

dt
. <271

*2"� ,��"  �
��  �� )� *9
6� �
%r� 9' � n = 0 � 2��C ��� ���%�"� � H���R��� �� ��� TM��  �1
L U� *2"� �@F q �� 2��� L � ��	� �4+E� ��
�� <191 8� ,��H� ��+�� q � t x%� � T��� L ���

<*2"� �-� � T��� � �� E���8 � R��� � ��	� t � T��� �' ��� *2"� t x%� � T���
�

��+�� ��r�� (S2 − S1) 8� E+�� � 2��C �� ����Z� ��� ���� 8  �9' S2 � S1 �� �'&6� 9
4�E�
��� E6Z

∀ (i, t,q) : E2 i(t,q) = E1 i(t,q). <281

�4+E� ,�� E�,��"�� �4 �� �
_M 8� *2"� S � dL�+ � �
X� �E � ��� � dL�+
� ��� ���� 8  �9' <L2 � L1 �� �'�(���-�q �� �G�6��1 S2 � S1 �� EZ]4� � &6� �� ,5 �� � -.

�� �+�� E Λ �� EZ]4� � T��� ��� �:6�

∀ (t,q) : L2(t,q) = L1(t,q) +
dΛ

dt
. <291

�

��



�2"� S1 � &6� �� 8  �9' f �S2 � &6� 9
4�E� *2"� E�= ���� � f : R → R �
6� o��
���

∀ (i, t,q) : E2 i[f(t),q ◦ f−1]

∣∣∣∣df(t)

dt

∣∣∣∣ = E1 i(t,q). <301

S1 �� EZ]4� � &6� �� 8  �9' f <L2 �� �(���-�q �� �G�6��1 S2 �� EZ]4� � &6� ,6 �� � -.
�� �+�� E Λ �� EZ]4� � T��� ��� �:6� � ��� �2"� <L1 �� �(���-�q �� �G�6��1

∀ (t,q) : L2[f(t),q ◦ f−1],

∣∣∣∣df(t)

dt

∣∣∣∣ = L1(t,q) +
d

dt
Λ(t,q). <311

9
6�E� ��Z� ,�
/0

L̃2(t,q) := L2[f(t),q ◦ f−1]

∣∣∣∣df(t)

dt

∣∣∣∣ . <321

*2"� t  � &q �'��	� 8� � H����� � ���Z� � q � t x%� � T��� 2"� � Q�5 �4+E� ,�� E�,��"��
9
6�E� ��Z� *2"� EZ]4� � T��� � L̃2 U�

S̃2 [t1,t2](q) :=

∫ t2

t1

dt L̃2(t,q). <331

�4+E� ,�� E�,��"��

S̃2 [t1,t2](q) = S2 f [t1,t2](q ◦ f−1). <341

��B)� 8�

Ẽ2 i(t,q) =
δS̃2 [t1,t2]

δqi(t)
,

=

∫
f [t1,t2]

dt′
δS2 f [t1,t2]

δqj(t′)

∣∣∣∣
q→q◦f−1

δ(qj ◦ f−1)(t′)
δqi(t)

,

=

∫
f [t1,t2]

dt′
δS2 f [t1,t2]

δqj(t′)

∣∣∣∣
q→q◦f−1

δ[t− f−1(t′)] δji ,

=

∫
f [t1,t2]

dt′
δS2 f [t1,t2]

δqi(t′)

∣∣∣∣
q→q◦f−1

δ[f(t) − t′]

∣∣∣∣df(t)

dt

∣∣∣∣
=

δS2 f [t1,t2]

δqi[f(t)]

∣∣∣∣
q→q◦f−1

∣∣∣∣df(t)

dt

∣∣∣∣ ,
= E2 i[f(t),q ◦ f−1]

∣∣∣∣df(t)

dt

∣∣∣∣ . <351

��



� <321 � ��Z� �� �B)� 8� *�+�� 8  �9' S1 �� S̃2 ��� �:6� � ��� �2"� S1 �� 8  �9' f �S2 �4+E� ,��
*�4+E� ��
�� 90C �5 �� �
_M 8� ,��@�"� ��

�

�)
6.9'
�S1 ��� �:6� � ��� O2"� S1 �� EZ]4� � &6� �� 8  �9' f �S2 �� EZ]4� � &6� ,7 �� � -.

*�+�� S2 �� 8  �9' f−1

*t′ 9 �A-� f(t) �� �B �� � �q′ 9 �A-� q ◦ f−1 �� �B �� �<301  � 2"� E��� ,�
/0
�

*2"� E��I' f �� �2"� �8 �9' f 8� � u�L � 2��C &6� �� �� �8 �9'
� ��� �2"� S1 8� E+�� � 2��C �� ����Z� � S�4B � q �'�E� ��
�� S1 �� S2 �� �8 �9' f
2" � NWV� )� � U0? ��� *�+�� S2 8� E+�� � 2��C �� ����Z� � S�4B � q ◦ f−1 ��� �:6�
q ◦ f−1 ��� �:6� � ��� �2"� S1 8� E+�� � 2��C �� ����Z� � S�4B � q1 �� )� 8� E6Z *2�
�

� ��b� � *�4+EI� ��
�� S1 �� S2 �� �8 �9' f �<�+�� S2 8� E+�� � 2��C �� ����Z� � S�4B �
�� �'��b�1 *�-� � &6� �  � 2��! � � S�]R� F�C �� �+�� ����� &6� � �� 2"� )� ,��"

*<y2z � TB�� 8� 1 � Rs�  � 18 �� �W��� #$ b� �2�' 9' � ��,�
�
�

/��(' 3

� O 9
4�E� *��
-� �X�  � � �4r� �� ����Z� � � q �� E0
��6� �� �'�
7�� �� 9��
" �
*�+�� ��+�� � �'E�,(� )� O ��� �2"� 9��
" )� � H �%�

*2"� 9��
" �� �'�
�� �� �?4I�� �� 9��
" �� �'�
�� �� �?4I�� 8� 2+�-� � O <a1

*2"� �A�H� �� O <b1

�� ����Z� � S�4B � 9' O(q) ��� �:6� � ��� �2"� 9��
" � 2��C �� ����Z� � S�4B � q <c1
*�+�� 9��
" � 2��C

�4+E� ,�� E�,��"��
*2"� ,��� � ��'2+�-� � N
��� � RI? �� �9��
" �' �� �'H �%� �� �?4I�� ,8 �� � -.

�

8� ��� �2"� 9��
" � H �%��� �4� � G 9
4�E� *��� �
�� � H��8 8� E �'T��� �' Gi �
6� o��

∀ (i, t) : Ei(t,q) = 0, <361

��



�4+ ��
��

∀ (i, t) :
[
∂

∂s
Ei(t,q + sG)

]
s=0

= 0. <371

,��H� <361 ��� �� �B ��

R(q) = 0, <381

9
�4�E�

R(q)
ns
=0, <391

�2"� 9��
" � H �%��� �4� � G h2@� �4+E� ` 4F )�  � *2"� �@F fJ �� � R 9
4�E� �
���

∀ (i, t) :
[
∂

∂s
Ei(t,q + sG)

]
s=0

ns
=0. <401

�� �s �� 2��� Ss � ��	� ��� �2"� &6� � H �%��� �4� � G 9
4�E�

∀ (s,q) : Ss(q) := S(q + sG), <411

*�+�� �@F �� 8  �9' ��@F s = 0  �
�� �+�� � T ��� �2"� ,�����B q � t 8� R � T��� 9
4�E�

[∀ (i, t1, t2) | |t2 − t1| > T ] :
δR(t1,q)

δqi(t2)
= 0. <421

*2�' 9' ,�����B �EZ]4� � T��� �' �� 2"� )+� 
� G � �� �2"� <&6 �1 9 �� 
 " �� <EZ]4 �1 ,� � ���B � H � % ��� �4 � �  G 9 
 4 �E �

*�+�� <EZ]4�1 ,�����B � T��� � � ��+�� <&6�1 9��
" � H �%��� �4�
�  G ,� �H� ��+� � &6 � �� <EZ]4 �1 ,� � ���B � H � % ��� �4 � �  G � �� ,9 �� �  - .

*2"� &6� H� �� �G�6�� � 9��
" �� <EZ]4�1 ,�����B � H �%��� �4�
*2"� ,�����B G �
6� o�� ,�
/0

δS[t1,t2](q + sG)

δqi(t)
=

∫ t+T

t−T
dt′

δS[t1,t2](q)

δqj(t′)

∣∣∣∣
q→(q+sG)

δ(q + sG)j(t′)
δqi(t)

. <431

s �� 2��� �V�� )� 8� <*2"� �@F ,����-��� �2"� � Q�5 �� ��
����-��� �� �
C�� � H��
�  �1
�. � Q�5 *t2 → +∞ � t1 → −∞ 9 �A�E� �RF�C  � *9 �A�E� �@F � s � 9�
�E� ��	�

�U� *�4+E� �@F

��



{
∂

∂s

[
δS(q)

δqi(t)

]
q→(q+sG)

}
s=0

+

∫ t+T

t−T
dt′

δS(q)

δqj(t′)
δGj(t′)
δqi(t)

= 0, <441

�[
∂

∂s
Ei(t,q + sG)

]
s=0

+

∫ t+T

t−T
dt′ Ej(t

′,q)
δGj(t′)
δqi(t)

= 0, <451

*�4+E� ��
�� <401 H� 8� ��
�

�� �G�6�� � 9��
" �� �����D � H �%��� �4� � �EZ]4� � &6� � �� EZ]4� � H �%��� �4� � ��
*9
4�E� 9' &6� H�

�� 2"� )� 5 �� �
_M �� ,��" �� ��
�� �
� � �G� 6 � � S �� EZ]4� � &6� � � 9 �� 
" � �� �� �� �D � H � % ��� �4 � � G ,10 �� �  -.

�� �+�� E Λ �� EZ]4� � T��� ��� �:6� � ��� �2"� L �� �(���-�q

∀ (t,q) :
[
∂

∂s
L(t,q + sG)

]
s=0

=
d

dt
Λ(t,q). <461

�

�:�5 � �*�S 4

��� �2"� 2��C � 2��! � q � t 8� I �� EZ��� 9
4�E�

∀ t :
d

dt
I(t,q)

ns
=0. <471

�� H� � 2��C �� ����Z� �� �2"� � 9��
" � 2��C2� �� ! � I �
6� o�� ,11 �� � -.
�� D � U���� �� ��� � ���� n J��2� "� �� ����� 8� � EZ]4� �' Ei �2"� <11 � R0+

∀ (t,q) : Di
j(t,q) :=

∂Ei(t,q)

∂qj (n)(t)
<481

�� EZ]4� � T��� � ,��H� ��+�� EZ]4� � T��� � I ��� �` 4F )�  � *2"� <m #$ b�1 2��!
� �2"� (n− 1) J��2� "� �� ����� 8� �� 2�' Ĩ � �-�

∀ t : I(t,q)
ns
= Ĩ(t,q). <491

�'�
�� �� �_� � R�  � �� �+��� � Ĩ 2"� )0I� *2"� 2" � EZ]4� �  45 �� J�� �� �����1
<*�6�  ��M�� � J�� �� �V�� 

��



o�� *9�
�E� I � �4L � Ĩ ,��H� �r < n ��� *2"� r J��2� "� �� ����� 8� I �
6� o�� ,�
/0
9
6�E� ��Z� *��
-� l � 9��
" �� E0
��6� �� �'�
7�� � ���Z� *r ≥ n �
6�

∀ (t,q) : Ri(t,q) :=
(

d

dt

)r−n
Ei(t,q). <501

�� 2"� )+� 

∀ t : R(t,q)
ns
=0, <511

� ��	� � U���� �� ��� �4+E� ��
�� <481 8� *2"� r J��2� "� �� ����� 8� � EZ]4� � T��� � R �
�� x1 � �
7�� (l −m) �$Z]4� �4+E� ��
�� <511 8� �N
��� )� �� *2"� m 9' q(r) �� 2��� R

�� 2�' xl−m

∀ t : qi (r)(t)
ns
= f i[t,q(t), . . . ,q(r−1)(t),x(t)]. <521

�4+E� ��
�� *9�
�E� E���8 � R��� � ��	� H� 8� � 9 �A�E� I  � � ` ��? )�

dI

dt

ns
=A+

∂I

∂xa
ẋa. <531

�@F �' ẋa �  ��%� 8� R%��� �J�� �� �V�� � �. � Q�5 *2"� �' ẋa 8� R%��� E �'�WIB � R��+ A
h�+�� �@F ��� �2"� � Q�5  � �' ẋa � N�] U� *2"�

∂I

∂xa
ns
= 0. <541

9
6�E� ��Z�

∀ (t,q) : J(t,q) := I{t,q(t), . . . ,q(r−1)(t), f [t,q(t), . . . ,q(r−1)(t),x0(t)]}, <551

E����� x0 �� fJ �� � �2"� � Q�5 �4+E� ,�� <541 8� *2"� ,�4=��� �  ��%� � x0(t) ��
�� � ` 4F )�  � *�4+ ����� q(r) �� f �� 2+�A� E x �4+E� x0 �� �B �� �fJ �� � U� *� ���
�r �� � ,��" �� ��%�"� � �� J�C *2"� (r − 1) J��2� "� �� ����� 8� J *2"� ����� I �� J �fJ

*�4+E� 2��! 90C
�

8� R
����@� �� ����Z� � � 9��
" � 2��C �� ����Z� ��� �� 2"� H� �
_M )� �� E6Z�
�� ����� 8� EZ]4� � T��� �� �4+E� � 9��
" H� �� EZ]4� � 2��C2� ��! �' ,��H� ��+�� n �� �����
�� � 9��
" �q ��� EZ]4� � 2��C2� ��! � 8� � 2M� U� )� 8� *��� &�I� (n− 1) J��2� "�
�� 2"� )�  4X6� �9
�8E� Q�C 2"� n �� ����� 8� � R
����@� �� ����Z� � \ q 2��C �� ����Z�

*2"� (n− 1) J��2� "� �� ����� 8� EZ]4� � T��� � 2��C2� ��! H�

��



�:�5 � �*�S � /��(' 5

*9
6�E� ��Z� R0+ )� �� � p �� ���0� *2"� � J��2� "� �� ����� 8� � &6� � S �
6� o��

∀ (i, t,q) : pi(t,q) :=
∂L[t,q(t), q̇(t)]

∂q̇i(t)
, <561

*,�+ �'�G <111 � <101  � �� 2"� � T��� L TM��  �1 *2"� S �� �G�6�� �� �(���-�q L �H�  � ��
` 4F )�  � ��� *�+�� ��+�� E����� 9' q � 3�� � ��	� #$ b� �� 9��
" �� �(���-�q 2"� )0I�
8� �� EZ]4� � T��� � ,����EM�� �� H�6. ��
	� H��
� H� 8� E���8 � R��� � ��	� � �4+E�

�4+E� ,�� <*�4+ � J��2� "� �� �����

∀ (i, t,q) : Ei =
∂L

∂qi
− dpi

dt
. <571

8� S �� �2"� S � &6� �� 9��
" � �� ���� �D � H �%��� �4� � G �
6� o�� ,12 �� � -.
�� I ` 4F )�  � *2"� � J��2� "� �� �����

∀ (t,q) : I(t,q) := pi(t,q)Gi(t,q) − Λ(t,q), <581

� T��� H�I' Λ � �2"� &6� <� � J��2� "� �� ����� 8�1 �� �(���-�q L *2"� 2��C � 2��! �
*,�+ �'�G <461  � �� 2"�

�4+E� ��
�� <461 8� ,�
/0

dΛ

dt
=

∂L

∂qi
Gi +

∂L

∂q̇i
Ġi,

= EiG
i +

d

dt

(
∂L

∂q̇i

)
Gi +

∂L

∂q̇i
Ġi, <591

��BH� 8� �

d

dt
(piG

i − Λ)
ns
=0. <601

�

�
6� o�� � ��
-� �X�  � � f(x) � T���

y = R(x). <611

�� �'T��� ��� �2"� y � T����� �+ � f 9
4�E� *�+��� �A�H� �� �$Z]4� �x 8� y � 2
Z��� 2"� )0I�
�� �6+�� � Gi(x)

��



∀ (x,dx) : df = Gi dy
i = Gi

∂Ri(x)

∂xa
dxa. <621

��� TM��  � *�6��
� ��� �$���� �' Gi *9
4�E� yi �� 2��� f � ��	��� �+ Gi �� ` 4F )�  �
�� �6��' E �' gi ��6+��� R%��� x � T��� � H�46? �� ��' yi

∀ (x,dx) : gi(x) dyi = 0. <631

�� �' G̃i �� ��+��  ��M�� �' Gi �� ��� �<621 �� 2"� )+� ` 4F )�  �

G̃i := Gi + αgi <641

�� �+�� � f̃(y) ��� �� 2"� )+� �)
6.9' *2"� ,�4=��� � T��� α �� �2"�  ��M�� 9'

∀ x : f̃ [R(x)] = f(x), <651

*2��� yi �� 2��� f̃ � ��	� �4+E� � Gi ,��H�

� &6� � �� �G�6�� � 9��
" � 2��C2� �� ! � I [t,q(t), q̇(t)] �
6� o�� ,13 �� � -.
q(t0) �� �
��� � }�+ �' �� ��� 9��
" � 2��C �� ����Z� � �2"� � J��2� "� �� ����� 8� �� EZ]4�
8� *2"� p(t) � q(t) � t � T����� �+ � I ` 4F )�  � *<��� � S�4B �$������q1 � �� S�4B q̇(t0) �

�� �6��' E �' Gi �WIB

∀ (t,q) :
∂I [t,q(t), q̇(t)]

∂q̇i(t)
= Gj [t,q(t), q̇(t)]

∂pj [t,q(t), q̇(t)]

∂q̇i(t)
. <661

2��C �� ����Z� ,�
/0
∂pi
∂q̇j

q̈j = Fi[t,q(t), q̇(t)] <671

h�+�� q̇ �� 2��� p � ��	� � U���� �� ���'  � n �
6� o�� *2"�

∀ (i, t,q) :
∂pi[t,q(t), q̇(t)]

∂q̇j
nj [t,q(t), q̇(t)] = 0. <681

� � V �� ) � 9 ' (q̈ + αn) ,� �H� �� �� � � � <671 �� � V �� q̈ � �� �4 +E � ,� � ` 4F ) �  �
*� ��E� ��

��-� �� 4" 8�

dI

dt
=

∂I

∂q̇j
q̈j +A[t,q(t), q̇(t)]. <691

�

7� H�6. q̈(t) � �6+�� 2��! q̇(t) � q(t) � t ��� ��WIB 8� *�+�� �@F fJ �� � ��� 2"� � Q�5
�U� *�6� �

7� ���� 2"� � Q�5 ����I�  ��M�� 2��C �� ����Z� �� �6�

��



∀ (t,q) :
∂I [t,q(t), q̇(t)]

∂q̇j(t)
nj [t,q(t), q̇(t)] = 0. <701

� �q̇ �� 2��� I � ��	� �'�E� H�	� )� *� ���� 9' � <701 ��� �� ���� � <681 �� n �' E6Z
��
�� *9
���E� Gi � N
��� )� �� �'N�] *2"� q̇ �� 2��� �' pi � ��	� 8� EVL � N
���

�4+E�

dI =
∂I

∂t
dt+

∂I

∂qi
dqi +Gj

∂pj
∂q̇i

dq̇i,

=
(
∂I

∂t
−Gj

∂pj
∂t

)
dt+

(
∂I

∂qi
−Gj

∂pj
∂qi

)
dqi +Gj dpj , <711

*�'�E� H�	� � 90C ��
�

��
-� �X�  � � J��2� "� �� ����� 8� �� EZ]4� � &6� � �� �G�6�� � 9��
" ,14 �� � -.
�` 4F )�  � *2"� p(t) � q(t) � t � T����� �+ � I [t,q(t), q̇(t)] �
6� o�� �

∀ (t,q) :
dI

dt
+Gi Ei = Gi

∂L

∂qi
+
∂I

∂t
−Gj

∂pj
∂t

+

(
∂I

∂qi
−Gj

∂pj
∂qi

)
q̇i. <721

*2"� 9��
" �� �(���-�q L � �p �� 2��� I � ��	��� �+ G

,�
/0

dI

dt
=

∂I

∂t
+
∂I

∂qi
q̇i +Gj

∂pj
∂q̇i

q̈i,

=
∂I

∂t
−Gj

∂pj
∂t

+

(
∂I

∂qi
−Gj

∂pj
∂qi

)
q̇i +Gi

dpi
dt
,

=
∂I

∂t
−Gj

∂pj
∂t

+

(
∂I

∂qi
−Gj

∂pj
∂qi

)
q̇i +Gi

∂L

∂qi
−Gi Ei, <731

*�'�E� ��
�� � 90C ��
�

�4+E� ,�� E�,��"�� �B)� 8�
���
-� �X�  � � J��2� "� �� ����� 8� �� EZ]4� � &6� � �� �G�6�� � 9��
" ,15 �� � -.
*<��� � S�4B �$������q1 � �� S�4B q̇(t0) � q(t0) �� �
��� � }�+ �' �� ��� H� � 2��C �� ����Z� ��

,��H� ��+�� 9��
" )� � 2��C2� ��! � I [t,q(t), q̇(t)] ��� �` 4F )�  �

�	



∀ (t,q) : Gi
∂L

∂qi
+
∂I

∂t
−Gj

∂pj
∂t

+

(
∂I

∂qi
−Gj

∂pj
∂qi

)
q̇i = 0. <741

*2"� p �� 2��� I � ��	��� �+ G � �9��
" �� �(���-�q L
I ,��H� ��+��  ��M�� <741 � ��+�� p(t) � q(t) � t � T����� �+ � I [t,q(t), q̇(t)] ��� �U0? ��

*2"� 9��
" )� � 2��C2� ��! �
��� �:6� � ��� �2"� 2��C� 2��! � I [t,q(t), q̇(t)] �)
6.9'

∀ (t,q) :
dI

dt
= −Gi Ei. <751

�

� &6� � �� �G�6�� � 9��
" � 2��C2� �� ! � I [t,q(t), q̇(t)] �
6� o�� ,16 �� � -.
q(t0) �� �
��� � }�+ �' �� ��� 9��
" � 2��C �� ����Z� � �2"� � J��2� "� �� ����� 8� �� EZ]4�

� H �%��� �4� � �p �� 2��� I � ��	��� �+ ` 4F )�  � *<��� � S�4B �$������q1 � �� S�4B q̇(t0) �
*2"� 9��
" �� �����D

,�
/0

[
∂

∂s
L(t,q + sG)

]
s=0

= Gi
∂L

∂qi
+ Ġi pi,

= Gi Ei +Gi ṗi + Ġi pi,

=
d

dt
(piG

i − I). <761

*�4+E� ��
�� 15 �� �
_M 8� 90C
�

�� ����� 8� � &6� � S � p � q � t � T����� �+ � I [t,q(t), q̇(t)] �
6� o�� ,17 �� � -.
�` 4F )�  � *2"� � J��2� "�

∀ (i, t,q) :
∂Pi
∂s

(0) = −
(
∂I

∂qi
−Gj

∂pj
∂qi

)
− ∂Gj

∂q̇i
Ej +

∂

∂q̇i

(
dI

dt
+Gj Ej

)
, <771

� �2"� p �� 2��� I � ��	��� �+ G ��

Pi(s) := pi[t, (q + sG)(t), (q̇ + s Ġ)(t)]. <781

��



� ������ ��+�� ����� I �� \ q  ��%� �� �9�
-� �X�  � p(t) � q(t) � t 8� � T��� � Ĩ ��� �� �
6� �B4�
*2"� qi �� 2��� Ĩ � ��	� 2"� � Q�5 � ���
,��H� ��+�� 2��C � 2��! I ��� ��WIB 8�

∂Pi
∂s

(0)
ns
= −

(
∂I

∂qi
−Gj

∂pj
∂qi

)
. <791

,�
/0

∂Pi
∂s

(0) =
∂pi
∂qj

Gj +
∂pi
∂q̇j

Ġj ,

=
∂pi
∂qj

Gj +
∂pi
∂q̇j

(
∂Gj

∂t
+
∂Gj

∂qk
q̇k +

∂Gj

∂q̇k
q̈k
)
,

=
∂pi
∂qj

Gj +
∂pj
∂q̇i

(
∂Gj

∂t
+
∂Gj

∂qk
q̇k +

∂Gj

∂q̇k
q̈k
)
. <801

�� ,�+ ,��@�"� )� 8� ����� )�L�  �

∂pi
∂q̇j

=
∂2L

∂q̇j ∂q̇i
,

=
∂pj
∂q̇i

. <811

9 ��

∂pj
∂q̇i

∂Gj

∂q̇k
=

∂

∂q̇k

(
Gj

∂pj
∂q̇i

)
−Gj

∂2pj
∂q̇i ∂q̇k

,

=
∂2I

∂q̇i ∂q̇k
−Gj

∂2pj
∂q̇i ∂q̇k

, <821

�� *��� o4? � k � i �� �B �4+E� U� *2"� H �%�� k � i �� 2��� �. � Q�5 �'�E� H�	� ��
�4+E� <801 �N
��� )�

∂Pi
∂s

(0) =
∂pi
∂qj

Gj +
∂pj
∂q̇i

(
∂Gj

∂t
+
∂Gj

∂qk
q̇k
)

+
∂pj
∂q̇k

∂Gj

∂q̇i
q̈k. <831

9 ��

∂pj
∂q̇k

q̈k =
dpj
dt

− ∂pj
∂t

− ∂pj
∂qk

q̇k,

��



= −Ej +
∂L

∂qj
− ∂pj

∂t
− ∂pj
∂qk

q̇k. <841

��B)� 8�

∂Pi
∂s
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∂t
+
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∂qk
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)
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∂Gj
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∂L
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− ∂pj

∂t
− ∂pj
∂qk

q̇k
)

−∂G
j
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=
∂
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(
Gj

∂L

∂qj

)
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∂pj
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∂Gj

∂t
− ∂Gj

∂q̇i
∂pj
∂t

=
∂pj
∂q̇i

∂Gj

∂t
− ∂

∂q̇i

(
Gj

∂pj
∂t

)
+Gj

∂2pj
∂t ∂q̇i
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=
∂

∂t

(
Gj

∂pj
∂q̇i

)
− ∂

∂q̇i

(
Gj

∂pj
∂t

)
,

=
∂

∂t

(
∂I

∂q̇i

)
− ∂

∂q̇i

(
Gj

∂pj
∂t

)
,

=
∂

∂q̇i

(
∂I

∂t
−Gj

∂pj
∂t

)
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∂qk
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=
∂
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(
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∂qk
−Gj

∂pj
∂qk

)
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(
∂pj
∂q̇i

∂Gj

∂qk
− ∂Gj

∂q̇i
∂pj
∂qk

)
q̇k =

∂

∂q̇i

[(
∂I

∂qk
−Gj

∂pj
∂qk

)
q̇k
]

−∂q̇
k
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(
∂I

∂qk
−Gj

∂pj
∂qk

)
,
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=
∂

∂q̇i

[(
∂I

∂qk
−Gj

∂pj
∂qk

)
q̇k
]

−
(
∂I

∂qi
−Gj
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∂qi

)
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∂Pi
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(0) = −
(
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∂qi
−Gj

∂pj
∂qi

)
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∂q̇i
Ej

+
∂
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[
Gj

∂L

∂qj
+
∂I

∂t
−Gj

∂pj
∂t

+

(
∂I

∂qk
−Gj

∂pj
∂qk

)
q̇k
]
, <901
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∀ (t,q) : I [t,q(t), q̇(t)] = Ĩ[t,q(t),p(t)], <911
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Qi(s) := qi + sGi, <921
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∂Pi
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= − ∂Ĩ

∂qi
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(0) = +
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