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qr qs − qs qr = 0

pr ps − ps pr = 0
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+�� =MW &�� ]� �&Z �� x =� �� �'M+ $� x� �3/� �� �&'.]0>� �� �&�

d

dt

(
1

x
· x

)
=

d

dt
(1) = [1, H] = 0.

0 =
d

dt

(
1

x
· x

)
=

d

dt

(
1

x

)
· x +

1

x
ẋ.

��7�� �q'0� ���� �� M� �� x &� %� '5-� 
�

d

dt

(
1

x

)
= − 1

x
ẋ

1

x
.

��



�'
<%� ���� �:�M/� &� 6! =� �� �(1 + x)n �� �& � ���	M! �� w� 5� ��7
 � ��W z c $� n �0E�
����� �� �� �:�M/� �� "�W
E �%'
+ F�&/� %���� �:�M/� &� 6! �� �+ ����� w� 5� �
M� 
� �� ex %'������
�
05� ��
!��
! y � x �+ �0:
� �� �! �ex ey 
� �	+ �� :
� �� ex+y���� ��5'� ���� &(�� 
M�

��5'� ��
5�
;39 �� �� 
7
 � ��W z c ;r = 1 . . . u9 
 � αr � �� �+ ��7
 � ∑

r
(αrqr) �� �
/ � � � (αq) & .�

%'
'���
[ei(αq), pr] = iαre

i(αq).

��< ���� &� 

�
ei(αq)pr − pre

i(αq) = ih[ei(αq), pr],

%����

ei(αq)pr = (pr − iαrh)ei(αq).

�7
� 
� p � 
� q �� �/�
� f(qr , pr) &.� &��	+ �� :
� ��

ei(αq)f(qr, pr) = f(qr, pr − αrh)ei(αq),

f(qr, pr)e
i(αq) = ei(αq)f(qr, pr + αrh).

⎫⎬
⎭ ;69

� ��
7
� ���� f2 �f1 �� �� �f H� �
� �� &� �� �&� 
��:�
/� ��� &.� �+ %'
'��� ��q'0� ��� {� 
6g� �� �&�
��< %� f = qr �� �&� � %��"�&+ ��
g f = pr �� �&� �� ��� ���� ���� %� f1 f2 � f1 + f2 �� �&� �E�

� q � 
� p �� ���	M!�
< $� f &.� ��� &� 

� ���� ���� c�V� �� �
05� ��
! ��
! %� 
� 
� q

�%�&'.�� ���� �� � 
� �	+ �� :
� �� ��� &� 

� � ���� ���� �7
�
������ ei(αq) =� 37 �� ��
��'M+ 
� �� 
� q � 
� p �� �/�
� &� �� ��
!��
! �� "�W
E ;69 �� �,���
&� 'v0� �0�� &� �� �&� �06 :� ������ ��
�� �� 'M�� ��"�����
.�
< �� 
�"
(0�� �� ��&)� �� �&� 
����

��5� �&e

0� w� ��� � Pr � Qr �$'���
+

'!�����0 ��$	4 !� ���,5)� ��§
&� 'v 0� �0�� $� 4��& � &.� ��� ��"�����
.�
< �3'�
 
 �� %� 05'� $� �M0 ���+ �� ��&)� ��

�R�7
� �07�� ��!� &�� N� ��1 
� ωr � Jr �
��1���$�

�
/� ��
7
� $'���
+ �� 
�&'v0� (i)

��



[Jr, Js] = 0, [ωr, ωs] = 0,

[ωr, Js] = 0 (r �= s) 
� 1 (r = s).

2��7
� 
� J �� �/�
� 
T
� H �� ���0	'M� (ii)

2π �� "��� 
� 
� ω �� ��"�����
.�
< �/���� �

+�� F'L�� �� %05'� �+ �	L� �� 
� q � 
� p (iii)

��� w5� &�� �� 
�=37 �� �3� �� ��>� �� q 
� p �+ ��� ��� ^ C&7 �+ ��
05�
∑

α

Cα exp i(α1ω1 + α2ω2 + · · · + αnωn) =
∑

α

Cα exp i (αω)


�∑
α

exp i(α1ω1 + α2ω2 + · · · + αnωn)C′
α =

∑
α

exp i (αω)C′
α.

�� �& �
 � �� 
 0 5 � J 'KL �� �� W� 
 � α � � 
 0 5 � 
 � J �� � / ��� � w - � 
 � C′
α � 
 � Cα � +

�:�M/� �� :
� �� �
��1���$� �� 
�&'v0� &� ��&� 1/2π �� 
� J � &��&� 2π �� 
� ω �5����L�1
�%���0�&.

%���� (ii) �� �	L
���

J̇r = [Jr , H] = 0

(3) �� "�
A0�� 
� �

ω̇r = [ωr, H] = ∂H/∂Jr.

��&� %� �&(�� �� 
��'M+ �06:� ��'�
� ��
5� �� 
�� ��7�� � ��
05� ��
g ω̇r �� 
��'M+ fQ
%���� ��
05� ��*
� ��7 "�'�
� ��
5�

d

dt
ei(aω) = [ei(aω), H] =

ei(aω)H − Hei(aω)

ih
.

&
��� ��� A�!�	 '� ��: �� �	 �� J �� �=��% ��3� H '2�� B�C /�� J 
� �
* D� ��=% E� �!� ��2

��




� ω � 
� J �� (6) 2� 
MW� 
�
ei(aω)H(Jr) = H(Jr − αrh)ei(aω),

�
H(Jr)e

i(aω) = ei(aω)H(Jr − αrh).

��� &� 

�
d

dt
ei(aω) = i(αω)ei(aω) = iei(aω)(αω)′,

� �� �+

(αω)h = H(Jr) − H(Jr − αrh),

(αω)′h = H(Jr + αrh) − H(Jr),

}
;79

�� �&� �(αω)′ � (αω) �+ �:
� �� �
05� (f ��� �� ��&)� �� �W
/7 �� 
���
5� �� C��&� ω̇r �� 
��'M+
��W z q (αω)′ � (αω) �ωr �+ %'7
� �07�� �
� �� ��
� ��
05� ��`. �� 
���
5� �� C��&� �J'KL �� α

J �� �/���� 
���� ��7�`. &��&� �
05� ��W z c �+ ��� �� 
���
5� 
� �� 
�� �����M� ����&�

� � ��
05�
�+ � ��
7��1 �� 
� J �� ��� �� 
� ��
5� �+ �/���� �
M� \�
05� �
05� ���� ��W z q �+ ����
+ �� 
�

������ ���� ��W z c
���� w5� &�� {� ��L �� ���0� �� x �'
+ �&�

x =
∑

α

xαei(αω) =
∑

α

ei(αω)x′
α, ;89

%���� (6) �� ��
05� 
� J �� ��
�H�
� w-� 
� x′
α � 
� xα � J'KL �� ��W� 
� α 
! ��� �� �+

x′
α(Jr) = xα(Jr + αrh).

��Z�'M�

ẋ =
∑

α

xαi (αω)ei(αω) =
∑

α

ei(αω)i (αω)′x′
α ;99

b� ���� �� �����&E &��&� 
� ��7
� xα �� ������ b� ���� s� &/� x̄α &.� � �
7
� �-'-� 
� J � 
� x &.�
�7�� %'���1 (8) s� &Z �� �� �����

x =
∑

α

e−i(αω)x̄α(Jr) =
∑

α

x̄α(Jr + αrh)e−i(αω)

�	



%'
'��� (8) 
� �,��� ��� �� �5�
-� 
�

x̄α(Jr + αrh) = x−α(Jr).

% '5 �� 
 � xα(Jr) �� 
! � � ��� 7� � & �JV�� �, ��� � �� % ' 
 + ��W �� �
 ��� ���` .�
 M � & .�
�x(J, J − αh)

�E� � 

x̄(J + αh, J) = x(J, J + αh)

C��&� ^ J�&L &� 'v 0� �0�� �� �� �� x(J, J − αh) �� �
��� �+ ��
��,��� �' � ����� �
>� �+
�5� x �� �&� 
� w� 5� ?
� ��5� ��
-� ��! $� ��
+��

x =
∑

α

x(J, J − αh)ei(αω) =
∑

α

ei(αω)x(J + αh, J).

%���`(� ��� &0T� �+ �
��.�� ��`. �� 
���
5� �� �&� (7) �� 
��,���

(αω)(J) = ω(J, J − αh),

�

(αω)′(J) = ω(J + αh, J).

�7�� %'���1 (9) �� ���&�

�

ẋ =
∑

x(J, J − αh) iω(J, J − αh)ei(αω) =
∑

ei(αω) iω(J + αh, J)x(J + αh, J). ;109

%'�� w5� &�� {� ��L �� %� �� y �'
+ �&�

y =
∑

β

y(J, J − βh)ei(βω).

�




��
05� ��
!��
! 
� ω �+ �-'-� ��� � �(6) �� "�
��� �� "�
A0�� 
� �E� � 

xy =
∑
αβ

x(J, J − αh)ei(αω)y(J, J − βh)ei(βω)

=
∑
αβ

x(J, J − αh) · y(J − αh, J − αh − βh)ei[(α+β)ω],

���7�� "��� &�� 2��&� 
� xy �� �
��� �+ ��� 
�

xy(J, J − γh) =
∑

α

x(J, J − αh) · y(J − αh, J − γh). ;119

�' 
 + �&� ��
+�� �V&W 
���W z c S� 5� & � 
���W z q 4� �
M � �� �& � ���� 
�� :�
 / � ���
� Jr &� �� 
! � � �
 � J �� w- � � �
 �H �
 � �� �� 
 W � � ω(J,J − αh) � x(J, J − αh) �� 
�{�
 6W ��
�%'�

 � ω(n, n − α) � x(n, n − α) �� "�� �� ��� �����W z c � %'
+ ���`.
! �� nrh���W z c

��� ��
+ 
�� �� �+ ��� x(n,n − α) exp ·iω(n, n − α)t �� 
���W z c �� �M� �� �W�Mq� %'������
�� ��
W �� ��7
� ����� s�01� ���� �� "����� �� �Q���Q �+ 
����-� �� ���:
6�� n ;�5'� *�? 
�#�9
�
>� (10) �� �:�
/� �%�&'(� &)� �� Jr ���W z q &� ��
-� �� �M� �� �&� x���W z c &� ��
-� �� �&� �>�
M�

�+ �����
ẋ(n, n − α) = iω(n, n − α)x(n, n − α),

���.�� (11) �� �:�
/� �+ �:
� ��

xy(n,n − γ) =
∑

α

x(n, n − α)y(n − α, n − γ),

%���� �+ ��� �7�� ���� �� �07`. ���� [&6���
� G� &V �� "�W
E �
M� �+

(x + y)(n, n − α) = x(n, n − α) + y(n, n − α).

��
+ �� �&� ��
6g� �+ ��
+�� "��� &� �� �§ � �§ �� "�7 &+� �� 
�C&7 
� 4� �
M� S'�&� ��� ��
���� 
� n �� �055. �� �0�� ��� �� ���

�� 
�4�
M� �J'KL &� '8 �� 
� nr �� �& � �� �� �ηr �� 
���W z c �� �& � F	0D� &� ��
-� G� 
D0 �� 
 �
�3� 
T
� �
< &� ��� �� ��� �� x(nm) exp ·iω(nm)t �� 
���W z c 
� x �� 
���W z q �� �&� ���
A0�

��



�� �&� �� x(nm) &� � �� �&� ;��!� �� &� 
�9 �+ ��� ��
M� �+ ����� �3��'� �� 'M�� 
�4�
M� ��� ��
�� �& � �� ��� �� ��&)� 2� 
�&� �� 
��:
� � ���7�� &AL �n0r �� �� ��'/� ����-� $� �� &�$<�+�mr

(n0r + mrh)���W z c � Jr &� �
! �� �0E� �x w� 5� �� �+ ��� � *��	05� ��� ���
��� nr ≥ n0r

&AL �� &�$<�+ �+ ���J'KL ����W� 
� mr zzz ��7 &AL x(J, J− αh) �� �6�&V &� ���7 ���`.
!
���� �Z��&� �αr �� &�$<�+ 
�� �� �3� =E��� � �
05'�

'�6��$)� �� 
� �� !��$* �� ��- ��§
�&� %'������ �3%'
3� �y���'� %� �� �� ���0	'M� =� 37 ����� �� ��
��&� ��� *�? 
!��� ��
� �px �
7&�e

0� �� 
���
3� � �y � �x {
I0D� �� $'��+ $� ��'� �� �+ ��� �
M� � =37 �+ %'
+

�
/� ���� py

H =
1

2m
(p2

x + p2
y) − e2

(x2 + y2)
1
2

,

��
05� ��W z c �m � e �+
w� ��� � �� "�
A0�� 
�

x = r cos θ, y = r sin θ

�� 6,E �� 
��I# 0D� �� ����7�� F�&/� eiθ S� 5� &� $'��+ �� ��&)� �� �
>� sin θ � cos θ 
�� �� �+
�� 
��,��� 
� �
05� θ � r b� ���� �+ k � pr �� 
���
3� �%�� ��� θ � r 2� ���0�

pr =
1

2
(px cos θ + cos θpx) +

1

2
(py sin θ + sin θpy)

k = xpy − ypx

����7�� "���
��
� ��
05� $'���
+ ���7�� F�&/� {��L ��� �� �+ k � �pr �θ �r 
� �+ %'
+ ��
g �+ � �� �&�

!��
! %� 
� θ � r � y � x %'
'��� �	L
��� �%'
+ G
5� 
�� �� �� �� �� �� 
������Q�7�&+ �� �M�

��7�� �q'0� (3) �� �'
<%� ����7��

[r, px] = [(x2 + y2)
1
2 , px] = x/(x2 + y2)

1
2 = cos θ,

��Z�'M� �

[r, py] = sin θ,

&+
� �!��� +
F� ��� ��)� �	 ������� �� ���G�. H� !�% 
�
* A� ���,� �� �I"�
�� J� %�
3

��



��� &� 

�

[r, k] = x[r, py ] − y[r, px]

= x sin θ − y cos θ = 0,

�

[r, pr] =
1

2
[r, px] cos θ +

1

2
cos θ[r, px] +

1

2
[r, py] sin θ +

1

2
sin θ[r, py]

= cos2 θ + sin2 θ = 1.

"��W ��

r[eiθ , k] = [reiθ, k] = [x + iy, xpy − ypx]

= ix[y, py] − y[x, px] = ix − y = ireiθ,

fQ

[eiθ , k] = ieiθ.

�� �M0���+ &�'! �� "�
A0�� 
� %� �� [k, pr] = 0 �[eiθ , pr] = 0 �
/� �
��,��� �� �'#-� ��T�
>� ��Z ��
���� ��� �� ������ ��
��-�

�+ ��� %'���1 �%'
+ =� k � �pr S� 5� &� �� py � px &.�

px + ipy = (pr + ik2/r)eiθ = eiθ(pr + ik1/r),

px − ipy = (pr − ik1/r)e−iθ = e−iθ(pr − ik2/r),


! ��� �� �+

k1 = k +
1

2
h, k2 = k − 1

2
h,

�




(6) �� �&'.�
+�� 
� ���&�

� �

k2e
iθ = eiθk1, k1e

−iθ = e−iθk2.

%���� S'�&� ��� �� �

p2
x + p2

y = (px − ipy)(px + ipy) = (pr − ik1/r)(pr + ik1/r)

= p2
r +

k2
1

r2
+ ik1(pr

1

r
− 1

r
pr). ;129

?
�

pr
1

r
− 1

r
pr =

1

r
(rpr − prr)

1

r
=

ih

r2
.

�� ��� ��

p2
x + p2

y = p2
r +

k2
1 − k1h

r2
= p2

r +
k1k2

r2
,

�

H =
1

2m
(p2

r +
k1k2

r2
) − e2

r
. ;139

$'��+ �� �+ ��� �6,E �� 
��I0D� �� �/�
� �
M� ���0	'M� �+ %���� "�&+ �&� ��0�� �� &.�
%������ �,��� ��� �
! �� ����

H =
1

2m

(
p2

r +
k2

r2

)
− e2

r
. (13′)

%'
+ �6�
K� �� &� 
� �+ ��� ��� ��� ���� �&� �� ��� �� $� *��+ %'TA� %'������ �+ ���� 
T
�
�����1�� ��&q� 
� $� *��+ �� �
0� %'
'6� �

���7�� �+&� �
��:�
/� ���0	'M� �� &� 
�

ṙ = [r, H] = pr/m,

k̇ = [k, H] = 0,

��



θ̇ = [θ, H] = k/(mr2),


� "&1?
� � mr2θ̇ = k �k = ��
g �pr = mṙ ����� $'��+ �� :
� =� �� �+

ṗr = [pr, H] =
k1k2

mr3
− e2

r2
(13) 
� ;149

=
k2

mr3
− e2

r2
(13′) 
� (14′)

=� 37 �� �0+&� �� 
���
g %'
+�� �/�

1/r = a0 + a1e
iθ + a2e

−iθ ;159

$'��+ �� ��a'� �� +&� �� �:�
/� 
� ��� &e

0� 
���� ���� ��
g a2 � �a1 �a0 
�� �� �+ %'�
'�

l/r = 1 + ε cos(θ − α)

���� �+&� �� b�&1 ε � �%�
E &� �� l � �� �+
��7�� "��� &�� {� ��L �� 
� H �� *��+ &�
� eiθ {� �&''v� ~� 
� 

d

dt
eiθ = [eiθ , H] = [eiθ, k2]

1

2mr2

=
{
k[eiθ, k] + [eiθ, k]k

}
/(2mr2)

=
{
kieiθ + ieiθk

}
/(2mr2)

=
i

m
eiθ k1

r2
=

i

m

k2

r2
eiθ.

%'
'��� h � i �� ��W &�''v� 
�

d

dt
e−iθ = − i

m
e−iθ k2

r2
= − i

m

k1

r2
e−iθ.

��



%'
'��� %�&'(� ]0>� (15) �� &.� ��� &� 

�

−1

r
ṙ
1

r
=

i

m

(
a1e

iθk1 − a2e
−iθk2

) 1

r2
,


�

−1

r
prr = −i

(
a1e

iθk1 − a2e
−iθk2

)
,

�� "�
A0�� 
� �+

pr − 1

r
· prr = ih/r,

��7��

pr = −i
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=
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me2
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1
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− 1
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)
=

1

2
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2k1k2
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1
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=
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ε1 =

√
1 − k2

1

P2
, ε2 =

√
1 − k2

2

P2
.
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iθ 
� k ��< ���7�� 
!��
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� ���&�

� � ��� ��
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��� &� 

� ���7 
!��
! %�

ke−iχeiθ = e−iχeiθk = e−iχ(k − h)eiθ .
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ke−iχ = e−iχ(k − h)
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1
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1

2
me2 · e−iχε2/k2.
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1

2
me2 eiχε1/k1 =

1
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1
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1

2
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1

2
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ε2 eiχe−iθ

}
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θ̇ = ω̇ +
∑′

bn
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����� ���� χ �� =-05� βs � �� �+ �βse
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∑

βse
siχe−siθ. ;309

��



��&'(�
rn+1 =

∑
γse

siχe−siθ,

{��L ��� ��

rn =
∑

γse
siχe−siθ 1

r
=

∑
γse

siχ 1

r
e−siθ,

=
∑
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+
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+

√
1 − k1

P
e−iχ

}

=
me2

2kk1

√
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√
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P
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me2

1

λ1

1

eiχ + µ2/λ1
µ2k
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+
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