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ρ2
r = 1, σ2

r = 1, ρrσs = σsρr, (r, s = 1, 2, 3)


ρ1ρ2 = iρ3 = −ρ2ρ1, σ1σ2 = iσ3 = −σ2σ1

⎫⎪⎬
⎪⎭ , (2)

T�0 � b0�� � 0� ����6�� ��02I�� ���I�� ��� �� �/���� 	�;%
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α1 = ρ1σ1, α2 = ρ1σ2, α3 = ρ1σ3, α4 = ρ3.
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ρ̇r = c [ρr,F], σ̇r = c [σr,F].
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i�/c . σ̇1 = σ1F − Fσ1 = 2iρ1σ3(p2 + e/c . A2) − 2iρ1σ2(p3 + e/c . A3).

�6 3��� ������� �5���5��) σ1 2 σ̇1 � �����

dσ2
1/dt = σ̇1σ1 + σ1σ̇1 = 0.
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(H − W)ψ = 0. (i)
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(H̃ − W̃)φ = 0
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(H̃ + W)φ = 0, (ii)
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[p0 + e′A0 + ρ1(σ,p + e′A) + ρ3mc]ψ = 0 (3)
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[−p0 + e′A0 + ρ̃1(σ̃,−p + e′A) + ρ̃3mc]φ = 0. (4)
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[ρ3(p0 + e′A0) + ρ1ρ3(σ,p + e′A) +mc]ρ3ψ = 0
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[γ0(p0 + e′A0) + Σr=1,2,3γr(pr + e′Ar) +mc]χ = 0, (5)
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γ0 = ρ3, γr = ρ1ρ3σr, χ = ρ3ψ.
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[γ̃0(−p0 + e′A0) + Σrγ̃r(−pr + e′Ar) +mc]φ = 0, (6)

 ���

γ̃0 = ρ3, γ̃r = σ̃rρ̃3ρ̃1 = ρ̃3σ̃1ρ̃r.
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φψ = φρ3χ = φγ0χ, (7)

αχ 0� ,�"S� 
����� 0� φ 
����� �/ a�\ 	
2 0 �?5 
���/�3�;� φαχ 3I 0� �6 ����� �� �

�� � G��?� 3��� 2 �H� 0�4� �� <����� >� �� �6 �� ��"�� 	
�/�"X�� � ���� �/ α �6 ��� 

>� 	����� 
����� (7) 	b0�J� �^φαχ = χα̃φ T�0 � �=6 WO��6 	0�A �� �6 �"�6 �5��_ ������

��&� �, �]�Z$ 	
�/����� �6 �� 0 ����4

−φγ1χ, −φγ2χ, −φγ3χ,
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c

∂

∂t
(φγ0χ) − Σr

∂

∂xr
(φγrχ) = 0. (8)
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φ[γ0p0 + Σrγrpr]χ+ χ[γ̃0p0 + Σrγ̃rpr]φ = 0,

�/��� �6

φ
[
γ0

∂

c∂t
− Σrγr

∂

∂xr

]
χ+ χ

[
γ̃0

∂

c∂t
− Σrγ̃r

∂

∂xr

]
φ = 0,

��

φ
[
γ0

∂

c∂t
− Σrγr

∂

∂xr

]
χ+

1
c

∂φ

∂t
γ0χ− Σr

∂φ

∂xr
γrχ = 0.
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2

�� −|j| + 1
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��� 0 >� 0�

��� �� �/��V 	
n �� 	""&� 
 �� �6 
 ����&� �2|j| ����� j 	���. �/ 	3�2 2 ��2 0�� 0��6 j = 0

j 	
2�. ��/���  0 "�� � ���� 	q"+U� �6 �6 ��I 
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2 j = j′ ��&� ���/��� j(j + 1) 
 �� 0 �M� >� �6 j 	0 �M� 2� <) ��� j(j + 1) 	b0�� ��

j 	
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���%2� >� �j′ > 0 
 �� �j = −(j′ + 1)
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 �� R�?&� 	
0 (%��?� 2

j = −1 1 − 2︸ ︷︷ ︸ 2 − 3︸ ︷︷ ︸ 3 − 4︸ ︷︷ ︸ ...
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����1  ��� 
j → −j 	
�/0 (% �� �4�� , �K����� 	����� ���� �5���5��) j �� X 	�7"������"X�� >� �% (i)

��� �K/ !K���


�H� 0 Y 	�7"����� �"X�� >� �% (ii)

[ [Y, j�], j�] = −Y, (9)

��� �K/ !K��� j → j ± 1 	
�/0 (% �� , �K����� 	����� ���6 ��02I��  0

�/��� jX + Xj = 0 	��� �6 T"�6�� ��/�;� (i) 	b�J8 
 ��

j′ . X(j′j′′) + X(j′j′′) . j′′ = 0

��

(j′ + j′′) . X(j′j′′) = 0.

�j′′ = −j′ �6 � �@� X(j′j′′) = 0 <)

>� 3��� ��� �� � �=J1 
���M� >� 0� �� ��2 � 	
�/�"X�� 	
2�. �6 (ii) � b�J8 >�

�/��� (9) 
����&� ��� 0 �1 � �� �� ���% (i) 
 �� �� 3I 	����� ���� 	b�J8 

Yj2 − 2jYj + j2Y = Y

��

Y(j′j′′) . j′′2 − 2j′ . Y(j′j′′) . j′′ + j′2 . Y(j′j′′) = Y(j′j′′).

��12 �@� Y(j′j′′) = 0 <)

j′′2 − 2j′j′′ + j′2 = 1,

‘Roy. Soc. Proc.’ A, vol. 111, p. 281 (1926), § 3.3
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j′′ = j′ ± 1.

�K/ j 	F��&� �T"�6�� a�K.  0 [ [x3, j�], j�] R�.

j� = ρ3{(σ,m) + �}.

2 0 � � 

[x3, j�] = ρ3{σ1[x3,m1] + σ2[x3,m2]}

= ρ3(σ1x2 − σ2x1), (10)

�6 3���

[ [x3, j�], j�] = [σ1x2 − σ2x1, (σ,m)].

V�.

i�[σ1, (σ,m)] = σ1(σ,m) − (σ,m)σ1 = 2i(σ3m2 − σ2m3)

��

1
2

�[σ1, (σ,m)] = σ3m2 − σ2m3,

���;� 	0�A �� 2

1
2

�[σ2, (σ,m)] = σ1m3 − σ3m1.
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1
2

�[ [x3, j�], j�] = (σ3m2 − σ2m3)x2 +
1
2

�σ1(σ3x1 − σ1x3)

−(σ1m3 − σ3m1)x1 − 1
2

�σ2(σ2x3 − σ3x2)

= σ3(m,x) −m3(σ,x) +
1
2

�{−σ3(σ,x) − x3}

= −M3(σ,x) − 1
2

�x3,

�6 3���

[ [x3, j�], j�] = −2u(σ,x) − x3.

���6�?� ��02I��  0 Y 
 �� (9) 	��� W�M"1� �−2u(σ,x) 
�$�\ 
�=?5 	�A�� �� �x3 <)

�T"/� -"7;�  0 x3 − cu(σ,x) 	b0�J� �% R�. ������ �5���5��) j �� �$�\ 
�=?5 � ���% 

���5 	b0�J� �� ��6 a�E�� 
0�A  0 c 3 ���� ������ �5���5 j �� �6 �� 
0 �M� c 3I 0� �6

T�0 � �1 2 0� ���6 ��02I��  0 (9) 0� Y 	��� W�M"1�

[ [x3 − cu(σ,x), j�], j�] = −2u(σ,x) − x3 + cu . 4j2(σ,x)

= −{x3 − cu(σ,x)}

�6 ��� a�E�� 3��� c �% 

−2 + 4j2c = c,

T"��� ��� � �% ��&�

c = 1/2(j2 − 1
4
).

��� 3�"� ��� 
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